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X-RA Y DIFFRACTION, ELECTRON DENSITIES 
AND CHEMICAL BONDING 

W. H. E. SCHWARZ and L. MENSCHING 
T heoretical Chemistry Group, The University, D5900 Siegen, W est Germany 

K. RUEDENBERG, R. JACOBSON and L. L. MILLER 
Ames Laboratory USDOE and Department of Chemistry, 

Iowa State U niversity, Ames, IA50010, USA 

ABSTRACT-The «Chemical Deformation Density» (CDD) is defined as the 
minimal electron density difference between the molecule or crystal, and the 
optimally and uniquely positioned and oriented ground state atoms. The CDD 
offers a coherent picture of bond and Jane pair deformations. Fluorine, oxygen, 
and nitrogen compounds do no longer exhibit exceptional features . Even carbon 
ground states may be strongly quadrupolar at asymmetric sites. Intermolecular 
interactions may strongly influence the conventional difference densities by changing 
the orientations of the atomic quadrupoles without changing the genuine CDD 
significantly. 

1 - INTRODUCTION 

Molecular electron densities are often 
examined in the forro of difference den
sities (DDs) [l]. Conventionally they are 
defined with respect to the superimposed 
densities of the sperically averaged atoms. 
These DDs are denoted here as «Total 
Difference Densities» (TDDs) . They are 
particularly useful for the discussion of 
the electrostatic fields created by the 
molecules in the space around them. 
However, only atoms with spatially 
nondegenerate ground states are of neces
sity spherical. Most atoms with open 
p and d shells are not, and consequently 
their TDDs are often dominated by 
quadrupolar density distributions [2] , which 
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are the result of the orientation of the 
undeformed atoms. These orientational 
effects can be quite large and hide the 
genuine atomic deformations [3], which 
are associated with bond formation. 
Because of this superposition of atomic 
orientation as well as chemical deformation 
effects, it is intrinsically quite difficult to 
interpret TDDs and to compare them for 
different systems. Therefore, we shall not 
use the term «deformation densities» for 
them. 

As a more appropriate quantity for the 
elucidation of the nature of chemical 
bonds, the «Chemical Deformation Den
sity» (CDD) is defined here with respect 
to the reference density of a promolecule 
whose unperturbed atoms, in addition to 
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being positioned at their correct places in 
the molecule, also have their multipoles 
appropriately oriented [4]. The orientation 
is accomplished by chosing the atomic 
reference densities so as to minimize the 
norm of the DD. The approach has been 
applied to theoretical densities of a series 
of small molecules [5] in section 2, and to 
experimental X-ray scattering data of a 
series of organic molecular crystals [6], 
see section 3. 

2 - THEORETICAL DENSITIES 
OF HF AND CH2 

The TDD of the HF molecule (Fig. la) 
is dominated by a strong quadrupolar 
distribution around the F nucleus. It shows 

2 
that the P ground state of the F atom 
in HF should not be spherically averaged 

2 2 2 
to (1 / 3 Px + 1/ 3 Py + 1/ 3 Pz). Instead, 
the referred to orientation procedure rields 

the non-spherical average (0.21 P x + 
2 2 + 0.21 Py + 0.58 Pz), corresponding to 

the orbital population pl.79 pl.79 pl.42 as 
X Y Z 

most appropriate for the CDD construction. 
lt indicates a superposition of about 0.4 

oriented F (
2
P z) and 0.6 spherical F, cor

responding to a mixture of covalent 
Fpu - Hs and ionic p - - H+ bonding, 
respectively. The Mulliken charge of -- 0.53 
on F is in reasonable agreement with this. 

The CDD of HF in Fig. lb shows three 
characteristic features: 

1. the electron charge deficit «behind» 
the proton indicates the positive partia! 
charge attributable to H in HF; 

2. the «bond charge» with max1mum 
CDD value of 0.6 e/ Aª is typical for 
u-covalencies; 

3. the dipolar density shift around the 
F nucleus describes the lone pair formation 

on F. 

- z 

Fig. 1 - SCF difference density maps of HF [5]. 
a) TDD, molecular density minus sphericalized 
atoms. b) CDD, molecular density minus optimally 
oriented atomic ground states. Length scale in a0 • 

Density contour lines: 0.01, 0.04, 0.08, 0.12,. .. e/ a g; 

broken lines: negative values. 
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Features 2, and especially 3, are 
covered up in the TDD by the large 
fluorine quadrupole. The norm of the TDD 
(0.026 a. u.) is nearly twice as large as the 
value for the CDD (0.015 a. u.) . 

o 
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Lx 
Density 
increase 
at Proton 
of Neutral H 
b 

Lone 
Pair 

3 6 

No Cha1-ge 
Def icit of 
Neutral H 

º...._ ____________ ___, 
1 

Fig. 2 - SCF difference density maps of CH2 • 

a) TDD. b) CDD. See caption of Fig. 1. 
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2 3 
While the open shell p P ground 

state of carbon atoms is evenly populated 
in aliphatic compounds, this is not always 
so for asymmetrically coordinated C-atoms. 
The simplest example, singlet methylen 
1
CH2 , is shown in Fig. 2. The large positive 

TDD values in the whole molecular plane 
demonstrate that the Cp and Cp AOs 

X Z 

have a higher population than according 
3 

to the spherical average of the P state. 
Optimal orientation reduces the norm from 
0.055 a. u. for the TDD down to 0.021 a. u. 
for the CDD, corresponding to a 
(0.06 

3
Px + 0.94 

3
Py) reference density on 

e with orbital population p~94 p~06 p;·oo. 
The CDD (Fig. 2b) exhibits various density 
features, which are covered up in the TDD 
(Fig. 2a). Further examples are given in 
Refs. [5, 8) . 

3 - EXPERIMENTAL DENSITIES OF 
9-t-BUTYL-ANTHRACENE AND 
1,2,3-TRIAZINE 

Miller et al. [6] have analyzed the X-ray 
scattering data of Angermund et al. [7] on 
butyl-anthracene (BA) and triazine. The 
predominantly positive TDD of BA (Fig. 3a) 
again indicates uneven population of the 
C2p-shells. The optimized populations of 
the p-orbitals are rather similar for all 
ring-C-atoms : pº·1 pi.o p0.9 ~ The CDD 

7r rad tang 
bond charges in Fig. 3b (maxima of 
0.50 -+ 0.05 e/ Ã 3) scatter less than the 
TDD ones (maxima of 0.66 -+ 0.12 e/ A3). 

The low p -population deserves an 
7r 

explanation. Since the X-ray scattering 
from the 2s density is nearly identical to 
that from the average 2p density, experi
mental density determinations from X-rays 
cannot detect 2s ~ 2p promotion. The C2s2 

density of the promolecule simulates some 
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of the C2px 2py 2pz density so that a 
respondingly reduced p-population is 
culated. 
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Fig. 3 - Projection of the experimental static 
difference densities in the C-ring planes of 
9-t-butyl-anthracene [6] onto a common plane. 
(Due to the bulky t-butyl group, the molecule 
obtains a distorted butterfly structure). a) TDD. 
b) CDD. Length scale in a0 • Density contour 
lines : 0.1 , 0.2, 0.3, . . . e/ A"; broken lines: nega-

tive values. 

Due to strong intermolecular interac
tions in the crystal, the TDD of triazine 
(Fig. 4a) does not reflect the nearly perfect 
symmetry of the molecule. The sarne pro
blem will also show up, if density deriva
tives (the Laplacian, [9]) are preferred 
instead of total density differences . 

The optimized p-shell populations of 
similar atoms are rather similar (p~2 P~.:d 
pl.1 for C pº·55 pl. 4 pi.os for N) The tang ' 7r rad tang · 

corresponding CDD (Fig. 4b) reflects the 
molecular symmetry and the order of 
bond strengths, C - C > C - N > N - N. 
The intermolecular interactions, however, 
change the orientation of the tangential 
and radial p -AOs significantly, and that 

II 

of the p -AOs still by up to 10°. 
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Fig. 4 - Experimental static difference dcnsities 
of 1,2,3-triazine [6]. a) TDD. b) CDD (promolecule 

3 2 4 2 
from orientated C- PI D and N- S/ D states). 
Length scale in A. Density lines as in Fig. 3. 
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THE EFFECTS OF HYBRIDIZATION, CHARGE TRANSFER, 
DELOCALIZATION AND CONSTRUCTIVE INTERFERENCE ON 
THE ELECTRON DEFORMATION DENSITY MAPS OF THE 

FIRST-ROW HYDRIDES 

ARTUR A. Low and MICHAEL B. HALL 

Depa rtment of Chemis try 
T exas A&M Univer.s ity 

Coll ege Station , TX 77843-3255 

ABSTRACT - Standard deformation density maps, molecular density minus the 
sum of the spherical atom densities, may show some features contrary to what is 
expected by chemical intuition. This is due to the effects of hybridization and charge 
transfer on these maps which can mask the effects of construtive interferencl'! of 
atomic orbitais. Changing the choice of promolecule to the sum of valence-state hybrid 
atoms partitions the effects of hybridization out of the standard deformation density 
maps. Another choice of promolecule, namely the sum of the densities of the singly 
occupied GVB pair orbitais, subtracted from the total GVB molecular density, pruduces 
deformation density maps which partition out the effects of charge transfer and 
delocalization. This produces deformation density maps which only show the effects of 
the constructive interference and delocalization. These deformation density maps and 
various difference density maps of the first-row hydrides, AH x (A = Li-F, x = 1-4) 
are computed in order to observe the effects of hybridization, charge transfer, delocal
ization and constructive interference on their deformation density maps . 

As illustrated in Figure 1, the standard 
deformation density, shown for LiH in 

Figure 2a, may be considered to be the 
sum of different effects. The first is the 

Singly-occupied 
G VB pair orbitais 

molecule 

charge transe er 
and 

delocalization 
Figuce 2e 

valence-state hybrid 
deCormation density 

Figuce 2b 

deforma tion 
density 

Figuce 2a 

valence state 
---- hybrid atoms 

hybridization 
and 

polarization 

Figuce 2c 

spherical atem 

Fig. 1 - Energy diagram representing the partioning scheme of the standard 
deformation density map of LiH used in this abstract. 
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energy required for electron promotion, 
hybridization and polarization of the 
atomic orbitais in preparation for bonding. 
The use of valence-state hybrid atoms 
obtained from truncation of the GVB pair 
orbitais from each A-H bond as the 
promolecule will produce the valence-state 
hybrid deformation density map shown for 
LiH in Figure 2b. A similar procedure has 
been used to produce hybrid deformation 

density maps of F2 [1). The difference of 
the densities of the valence-state hybrid 
atoms and the spherical atom promolecule 
shows the density changes due to hybrid
ization and polarization (shown for LiH in 
Figure 2c). 

The second effect is due to polar charge 
transfer and delocalization between the 
constituent atoms. We can separate this 
from the deformation density maps (along 

--------, 
................ 

, ,,,------ .. -, --... , .. ,, 
, ' ' 

...... 
Li 

Fig. 2 a) Standard deformation density map of LiH; b) GVB valence state hybrid 
minus spherical atoms for LiH; e) Valence state hybrid deformation density; 

d) Delocalization difference density map of LiH. 
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_ ... ------
-------............ 

-, 
' 

Fig. 2 e) Constructive interference deformation density map; f) GVB pair orbital 
centered on Li for LiH; g) GVB pair orbital centered on H for LiH. Ali difference 
density plois are contoured geometrically with a factor of two between consecutive 
contours. The smallest positive and negative contour have a value of ± 2- 12 electrons 
(au) -" (2.4414 X lQ-4 ). Negative contours are dashed. For the orbital plots, the 
smallest positive and negative contours have a value of ± 2-7 electrons (au) - 3 

(± 7.813 X 10- 3 ) . 

193 

with hybridization and polarization effects) 
by using the density of the singly-occupied 
GVB pair orbitais (on A and H) from each 
A-H bond along with the atomic core 
orbitais as the promolecule. The use of 
this promolecule results in a deformation 

density map which shows the effect of 
constructive interference of the GVB pair 
orbitais only (shown for LiH in Figure 2d). 
The difference between the densities of 
the GVB pair orbital and the valence state 
hybrid atom promolecules will show the 

Portgal. Phys. - Vol. 19, fase . 3-4, pp. 191-194, 1988 
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density changes due to polar charge trans
fer and delocalization (shown for LiH in 
Figure 2e). 

The standard deformation density map 
of LiH shows a large accumulation near 
the H atom on the bonding side of the H 
atom. About the Li atom is a dipolar 
pattern of deficit and accumulation with 
the accumulation on the non-bonding side 
of the Li atom. The sarne pattern has been 
observed previously by Bader, et ai. [2] 
and was attributed to polarization of the 
Li Is core away from the negatively 
charged H atom. The density changes due 
to hybridization and polarization show a 
contraction of the valence state hybrid 
orbital on hydrogen resulting in the 
accumulation region near H. The valence
-state hybrid deformation density map of 
LiH shows an accumulation in the inter
nuclear region which has shifted signifi
cantly towards the internuclear region 
when compared to the standard deforma
tion density. There is a little notch on the 
nonbonding side of the H atom which may 
be the beginning of the formation of the 
deficit regions found at the back of the H 
atoms in the valence-state deformation 
density maps of the first row hydrides. 
The polarization of the Li Is core is still 
observed. When delocalization and charge 
transfer is removed from the maps 
resulting in the construotive interference 
deformation density map, there are few 
features about the Li atom. There is a 
ring of accumulation around the H atom 
with a central region of deficit near the 
H nucleus. 

The constructive interference deforma
tion density maps can be more easily un
derstood by imagining the interaction of 
the two GVB pair orbitals for LiH. The 
GVB pair orbital centered on Li contains a 
substantial amount of H ls character in 
addition to Li 2s and 2pz character 
whereas the GVB pair orbital centered on 
H consists mostly of H ls character with 
Iittle Li character. 'When these orbitals 
approach and constructively interfere, one 
would expect most of the interaction to 
occur near the H atom with little inter
ference near the Li atom. 

Since the choice of the promolecule is 
arbitrary, a new choice of a promolecule 
is useful if it gives us more insight into 
the relationship of electron density and 
chemical bonding. Standard deformation 
density maps sometimes produce unex
pected results due to the inclusion of the 
effects of hybridization, polarization, delo
calization and charge transfer. The use of 
valence-state hybrid atoms and the singly 
occupied GVB pair atoms as promolecules 
serves the purpose of partitioning these 
effects in the standard deformation density 
maps and results in clearer understanding 
of the relationship of chemical bonding to 
electron density. 
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POLARISATION EFFECTS IN Mg(W ATER)6(HYDROGENMALEATE)2 

F. VANHOUTEGHEM, A. T. H. LENSTRA and H. J . GEISE 

U. 1. Antwerpen, Dept. Chemistry, 
Universi t eitsplein 1,2610 Wilrijk (Belgium) 

An elec.tron density study of the title 
compound was carried out using low tem
perature (100 K) X-ray and neutron data. 

.-.. 

Fig. 

. ...... ·· 

\ ..... _._. 

_."'· 
.-·" 

··- .···· 
1 .,. .-

Fig. 2 

A nearly symmetric deformation density 
was observed in the hydrogen maleate 
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moiety, even though the moiety has no 
crystallographically imposed symmetry. 
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Fig. 4 

This observation points towards a large 
internai consistency in the data. With the 
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Mg-ion at an inversion center, the metal 
coordination contains three independent 
water molecules. Only one shows a defor
mation density compatible with the dis
tortion expected from an 'ab-initio' model 
(Fig. 1) . The distortion observed in the 
H20 bisecting plane of the two other water 
molecules has no parallel in the theoretical 
model (Fig. 2), and is believed to be 
connected with the electrostatic potential 
created by the H20 neighbours. Hence, we 

calculated a deformation potential from 
the difference between the multipole and 
an independent atam model, leaving out 
the water molecule under investigation. 
For the 'normal ' H20 we find a nearly 
constant deformation potential (Fig. 3) , 
whereas the maps for the 'anomalous ' 
H20 entities show much larger variations 
(Fig. 4) . The observed polarisation follows 
an electronic redistribution along an equi
potential plane. 
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TRANSFERABILITY OF LOCALIZED CHARGE DISTRIBUTIONS 

HARRY BRUNING and DIRK FEIL 
Chem ical Physics Laboratory 

Twente University 
PO 217 

7500AE Enschede 
the Nether lands 

ABSTRACT - A comparison by means of the stockholder recipe of the quantum 
chemically derived electron density distributions in the K + .. . 18-crown-6 complex and 
small fragments of this complex leads to rules by which the electrostatic potential of 
large molecules can be derived out of the charge distribution of small molecules. 

INTRODUCTION 

Complexes of macro cyclic compounds 
such as crown ethers with ions and neutral 
molecules derive their stability to a large 
extent from electrostatic interactions. So 
the electron density distribution in crown 
ether molecules plays an important role in 
their interaction with guest molecules. 
Quantum chemical calculations on these 
complexes are hampered by the size of the 
problem. The molecules are large forcing 
the use of small basis sets. It is known, 
however, that small basis sets give poor 
results for electrostatic properties like 
dipole moments [l]. The aim of this 
investigation is to find rules by which 
the electron density distribution of large 
molecules can be constructed out of the 
distribution of small fragment molecules. 
Results of calculations on 18-crown-6 and 
its complex with the potassium cation are 
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compared with results on water, methanol, 
ethanol and dimethyl ether and their potas
sium cation complexes. The bond lengths 
and angles of the fragment molecules 
are chosen to be the sarne as in the 
K+ .. . 18-crown-6 complex, to make a com
parison of the charge density distributions 
possible. 

COMPUTATIONAL METHODS 

A. HFS 

The charge distributions in the mo
lecules and the complexes are calculated 
by the local density functional approxi
mation using the X-alpha-LCAO-DVM 
method (2]. Double zeta Slater type basis 
sets, extended with polarization functions 
are used. 
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B. Atomic charge distribution 

The molecular charge distribution is 
projected in atomic charge distributions 
using Hirshfeld 's 'stockholder'-recipe [3]. 

P motecule (r) = 2: P a tom, i (r) 
l 

(1) 

P atom, i (r) = W ; (r) P molecule (r) (2) 

free free 3) 
w i (r) = P ; (r) /~ P i (r) ( 

J 

free 
where p (r) is the electron density 
distribution in free spherical atom. Atomic · 
charges and dipole moments are calculated 
by integrating over the stockholder atomic 
charge distributions. The integration is 
carried out by Gauss quadrature, with an 
error of less than 1 promille. 

RESULTS 

To give a detailed but qualitative 
illustration the transferability of the atomic 
charge distributions as defined by the 
stockholder recipe we draw contour plots 
of the atomic charge distributions for the 
oxygen and the carbon atoms. ln figure 1 
the difference between the charge density 
distribution of the stockholder atom and 
that of the free spherical averaged atomic 
density is depicted. 

To give a more aggregate and quanti
tative qualification of the atomic charge 
distributions we calculated the charges 
and the dipole moments of the atoms. The 
results of the calculations are presented 
in table 1 and figure 2. The charges and 
dipole moments on the hydrogen atoms of 
the free molecules show good transferabi
lity. Their dipole moments are directed 

along the bonds. The charges on the oxygen 
atoms can be related to the number of 
hydrogen atoms bonded to the oxygen 
atom and to the neighbouring carbon 
atoms. 

q0 = - 0.154 n0 - 0.028 nc (4) 

n0 : number of hydrogen atoms on oxygen 
nc : number of hydrogen atoms on neigh

bouring carbons. 

The coefficients are obtained by fitting 
the data of table 1 (variance 7.5 %) . 
Assuming a fixed charge on the bonded 
oxygen atom the fit can be carried out 
with a variation of 4.6 %. 

'lo = - 0.130 n0 - 0.019 nc - 0.048 (5) 

The dipole moments on the oxygen 
atoms can be expanded in dipole moments 
along the bonds. The latter show good 
transferability (variance 11 % ) . 

P·O, OH = 0.0515 a. U. (6) 

P.o. oc = 0.1054 a. u. (7) 

Given the transferability of the hydro
gen and oxygen atomic charges, the carbon 
atomic charges follow from electroneutra
lity. The dipole moments on the carbon 
atoms are relatively small, probably as the 
result of four partly canceHing tetrahedraly 
arranged bond dipole moments. 

ln all molecules the complexation 
with K+ results in a charge flow to the 
oxygen atom. Atomic dipoles are induced 
which point away from the cation. The 
polarization effects show good trans
ferability. 
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Fig. 1 - Contour maps of the electron density distribution in the stockholder atoms. Left : free 
molecule, right : K+ -complex. Contour interval .015 a. u. positive --- , zero - . - . - , negative .. . .... . . 

a. Oxygen 1. H20 H-0-H plane 
2. CHpH C-0-H plane 
3. CH3CHpH C-0-H plane 
4. CH:iOCH,. C-0-C plane 
5. 18-crown-6 C-0-C plane 

b. Carbon 1. CHpH 0-C-H plane 
2. CH,.CH20H C-C-H plane 
3. CH3CH20H 0-C-C plane 
4. CH30CH3 0 -C-H plane 
5. 18-crown-6 0 -C-C plane 
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TABLE 1 -Atomic charges and dipole moments (a. u.). 

host K +-complex di ffe r ence 

cha rg e dipole char ge di po le charge d ipole 

Oxygen: 

H20 - .312 .068 -- .364 .184 - .052 .116 

CH30H -.240 .117 - .290 .192 - .050 .095 
CH3CH20H - .202 .104 - .260 .187 - .058 .099 
CH30CH, . - .161 .107 - .226 .192 - .065 .098 
18-crown-6 -- .132 .111 - .185 .182 - .050 .075 

Carbon: 

CH30H - .055 .050 - .049 .049 .006 .072 
CH3CH20H - .098 .017 - .107 .090 - .009 .084 

CH3CH20H - .076 .100 - .059 .069 .017 .065 
CH30CH3 

- .051 .049 - 0.53 .051 - .002 .079 
18-crown-6 -- .016 .051 -- .019 .043 - .003 .044 

Hydrogen (OH) : 

H20 .156 .266 .188 .291 .033 .036 

CHpH .160 .267 .175 .283 .015 .032 

CH3CH20H .155 .261 .168 .278 .013 .035 

Hydrogen (CH, in 18-crown-6 plane) : 

CHpH .037 .196 .070 .220 .033 .027 

CH3CH20H .053 .205 .084 .230 .031 .026 

CH3CH20H .027 .215 .059 .237 .032 .023 

CH30CH3 
.036 .185 .067 .212 .031 .028 

18-crown-6 .042 .194 .066 .219 .024 .026 

Hydrogen (CH, out of 18-crawn-6 plane): 

CH30H .038 .193 .048 .208 .010 .030 

CH3CH20H .056 .202 .062 .215 .006 .030 

CH3CH20H .032 .161 .038 .174 .006 .022 

CH30CH3 
.037 .187 .045 .201 .008 .032 

18-crown-6 .041 .186 .046 .196 .005 .018 

Hydrogen (CH, for saturation): 

CH30H .058 .210 .058 .214 .000 .030 

CH3CH20H .051 .201 .009 .162 - .042 .074 

CH30CH3 
.057 .210 .053 .212 - .004 .037 

Potassium : 

H20 1.000 .000 .987 .031 - .013 .031 

CH30H 1.000 .000 .987 .035 - .013 .035 

CH3CH20H 1.000 .000 1.003 .060 .003 .060 

CH30CH3 
1.000 .000 1.002 .061 .002 .061 

18-crown-6 1.000 .000 .984 .000 - .016 .000 
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Fig. 2 - Atomic charges and dipole moments (parantheses) of the free host molecules 
and the polarization effects upon complexation (a. u.). 

CONCLUSIONS 

The analysis of the electron density 
distribution by means of the stockholder 
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recipe gives a good too! for finding rules 
to construct the electron density distri
bution in large molecules . 
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ELECTRON DENSITY IN ALKALI HALIDE CRYSTALS (*) (**) 

G. BÕBEL, P. CORTONA, F. G. FUMI 

Dipartimen to d i F isica, Un iversità di Genova a na CISM/MPI 
GNSM/ CNR, uni tà d i Genova l(ltaly) 

The structure factors of alkali halide 
crystals derived from self-consistent charge 
densities generally agree very well with 
the experimental data [l, 2] . ln particular in 
the case of isoelectronic alkali halides the 
low order difference reflections are very 
sensitive to the deformation of the elcctron 
cloud and the agreement between the
oretical and experimental values indicates 
that the particular method used to compute 
the crystal charge densities is really able 
to take into account the crystal field 
effects. 

However, a crucial point in the com
parison between theoretical and experi
mental results is the use of the Debye
-Waller (DW) factors in order to take into 
account the thermal effects. The general 
use of fitted DW factors may mask (poss
ible) systematic discrepancies between 
theory and experiment. 

Recently Jansen and Freeman (J&F) [3] 
have performed self-consistent calculations 
of the charge density of NaCl and have 
compared the ensuing structure factors 
with the X-ray data by Schoknecht (S) [4]. 
These data were reduced to the static 
crystal using theoretical DW factors 
calculated from the approximate Debye 
formula. J&F found that the values of the 
high order difference reflections differ by 
up to 100 % from the theoretical ones. 
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They attribute these discrepancies to strong 
dynamical deformations of the ions and 
they conclude that the DW theory is not 
adequate to take into account the thermal 
effects in these crystals. 

ln fact it is not clear why these deform
ations should affect only the high order 
difference reflections and not the lower 
order ones, which are more sensitive to the 
outer electron distribution. Furthermore 
the J&F conclusion contradicts the results 
of preceeding theoretical studies [5] on the 
effect of the dynamical deformations on 
the structure factors. 

ln order to have more insight on this 
problem, we compute the structure factors 
at room temperature for the four salts LiF, 
NaF, NaCl and KCl and we compare them 
with the best available data. We use the 
ionic factors calculated using augmented 
spherical waves in LDA for NaF and 
KCI [2] and the Hartree-Fock free ions 
factors for LiF and NaCl: indeed for the 
latter two (non isoelectronic) salts the 
resulting structure factors for the static 
crystal differ only by a few percent (at 
most 4 % ) from the values calculated by 

(*) Supported in part by a grant from the 
Italian Research Council under the French-Italian 
Scientific Collaboration Agreement. 

(** ) A more detailed account of the work 
is in pubblication in Acta Cryst. A. 
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Zunger and Freeman for LiF [l] and by 
.J&F for NaCl for ali reflections, which is 
quite sufficient for our purposes. The 
theoretical DW factors that we use, are 
obtained from experimental phonon dis
persion curves [6]. 

ln table 1 to 4 we report for each salt 
the calculated values of the structure factors 
F(hkl) at room temperature and the percent 
deviation 8 = (F(exp)-F(hkl)) / F(hkl) from 
the experimental values [7, 8, 4, 10]. For LiF 
and KCl the agreement is excellent, with a 
mean deviation of about 1 %, the maximum 
discrepancy being of 3.2 %. For NaF the 
discrepancies are of comparable order of 
magnitude for the sum reflections and the 
low order difference reflection but they 
are greater for the high order difference 
reflection. However, these last reflections 
are very weak, owing to the isoelectronic 
nature of the salt, and thus rather uncer
tain (note the large difference between 
the equivalent pairs 551-711 and 553-731 
which can be due only in part to aspherical 
effects). The values of 8 tend to remain 

TABLE 1- LiF 

hkl F 8% 

111 4.77 - 0.4 
220 5.22 - 1.0 
311 2.17 1.8 
222 4.03 0.5 
331 1.43 1.4 
422 2.33 2.1 
511 1.12 2.7 
333 1.12 o.o 
442 1.62 l.8 
600 1.62 0.6 
444 1.23 - 0.8 
800 0.90 o.o 

+ 
B(Li ) = 0.958 A 

2 

- 2 
B(F ) = o.655 A 

TABLE 2-KCI 

hkl F 8% 

111 1.33 o.o 
220 21.89 0.7 
222 18.60 - 0.3 
400 16.25 - 2.8 
422 13.02 - 1.1 
442 9.97 - 0.5 
600 9.97 - 3.2 
444 7.93 - 1.6 
800 5.97 - 1.2 

1000 3.25 - 0.9 

+ 2 
B(K ) = 1.929 A 

- 2 
B(Cl ) = 1.994 A 

TABLE 3-NaF 

hkl F 8% 

111 1.25 o.o 
220 10.74 1.4 
311 1.57 o.o 
222 8.64 1.8 
331 1.21 1.6 
422 5.22 - 0.8 
333 0.93 - 5.4 
511 0.93 - 4.3 
440 4.03 - 2.0 
531 0.69 - 4.3 
620 3.24 - 2.2 
533 0.49 - 2.0 
444 2.69 - 3.0 
551 0.36 - 22.2 
711 0.36 o.o 
642 2.27 - 3.1 
553 0.28 - 7.1 
731 0.28 - 17.8 
800 1.94 - 2.6 
733 0.22 - 18.2 
660 1.69 - 5.3 
822 1.69 - 2.9 
842 1.41 - 6.4 

B(Na + ) = 0.868 A 
2 

- 2 
B(F ) = o.867 A 
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TABLE 4-NaCl 

hkl F ô% ô' % 

111 4.51 12.0 3.6 

200 20.56 - 0.3 - 0.9 

222 14.11 - 2.3 1.7 

400 12.30 1.3 0.8 
331 2.31 11.7 - 1.5 

333 2.32 22.8 - 2.7 

600 7.35 13.9 - 9.5 

442 7.35 12.5 - 10.l 

533 2.17 14.3 - 9.9 
444 5.71 17.7 - 15.4 
551 2.02 16.3 - 13.7 
800 4.18 18.9 - 18.4 
555 1.48 11.5 - 17.2 
771 1.03 20.4 - 19.9 

1000 2.20 30.9 - 23.5 
666 1.92 50.5 - 23.0 

1200 1.08 44.4 -
777 0.49 26.5 -

1400 0.49 40 .8 -
+ 2 

B(Na ) = 1.556 A 
- 2 

B(Cl ) = 1.348 A 

negative, which could be due to a slight 
underestimate of the theoretical DW 
factors . 

For NaCl there do not appear to exist 
really good data. The data by Scho:knecht 
[4] , or the rather equivalent data by Witte 
and Wolfel [9], are thirty years old and 
were not corrected for thermal cliffuse 
scattering (TDS). Estimates of the TDS 
corrections to the structure factors were 
reported twenty years ago by Gõttlicher 
(G) [10) : they increase with hkl reaching 
20 % at 666. lt should, however, be noted 
that the (uncorrected) G structure factors 
at high hkl are already appreciably smaller 
than those of the other sets, the rat10 of 
the G to the S values reaching 0,6 at 666. 
Our computed values fall between the 
values of S and the corrected values of G. 
Indeed the ô's reported in table 4 for S 
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~~~~~~~~~~~~~~ 

and G are (mostly) positive and (mostly) 
negative, respectively: their magnitudes are 
large in both cases . The difference between 
our results and those reported by J&F are 
clearly due to the DW factors used. 

The conclusion of our work is that 
there does not appear to be the need to 
question the validity of the DW theory as 
J&F seem to propose. ln fact when good 
experimental data are available as it is 
the case for LiF, KCl and NaF the 
agreement between the structure factors 
calculated with the DW theory and the 
experimental values is generally good and 
the few discrepancies can be naturally 
attributed to specific deficiencies of the 
experimental data. 
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ELECTRONIC DENSITY STUDY OF HEXACARBONYL-µ-di-t
-BUTYLACETYLENE-di-IRON: A JOINT EXPERIMENTAL AND 

THEORETICAL STUDY 

F. BAERT and A. LAAMYEN 

UFR de phys ique Bat. P5 USTL 59655 Villeneuve d'Ascq Fra nce. 

R. WIEST and M. BENARD 

L a b . d e chimie quantique Ins titut L e Bel Université L. Pas teur 
F67000 Strasbourg France. 

An experimental electronic density and 
a theoretical analysis of the title compound 
have been undertaken. 

The deformation density calculated 
with X - XHo formalism at a resolution of 
0.90 A-1 ([ > la (1)) shows four peaks 
around the Fe atoms. Multipole refinements 
with different models have been dane 
using the Stewart modified by Hansen & 
Coppens formalism. The best results are 
obtained with the 4s2 incorporated in the 
core and the 3d6 represented by the 
monopole 1. There is good agreement 
between the model dynamic maps and the 
experimental ones . The d orbital occu-
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pancies have been calculated from the 
multipole parameters . 

Interpretation of the experimental and 
theoretical results shows that the formal 
double metal-metal bond postulated for 
Fe2(CO) s(HC2H) does not involve any 
direct coupling between the metal d elec
trons. The metal-metal interactions are 
effective through back-donation processes 
involving either the semibridging carbonyl 
or the acetylenic group. 

These results are compared to those of 
the Co2(CO) 6((CH3) 2C2) compound which 
has two more electrons. 





MEDIUM RANGE ATOMIC OVERLAP IN PEROVSKITE STRUCTURES 

E. N. MASLEN and N. SPADACCINI 
Crysta llogra phy Cen tre. University of WA, Nedlands 6009 Aus tralia 

The KMF a perovskites, M = Co, Fe, Co 
& Ni have been studied extensively [2, 3, 4] . 
The data from these studies were reana
lysed (5] using spherically symmetric free 
atoms as the reference model. Confining 
the extinction correction to the isotropic 
model resulted in R factors and .e:,. p maps 
virtually identical to those reported by the 
original authors. Any anisotropy in the 
extinction must be small. 

The divalent metal M is octahedrally 
coordinated to F atoms (2.0058-2.0945 A) , 
with eight second nearest neighbour K 
atoms located on the < 111 > vcctors 
(3.4741-3 .6277 A). With the exception of 
the U11 term for the F atom in KMnF3 the 
variation of the thermal parameters with 
cell dimension is close to linear. The 
n;iagnitudes are lowest for the Ni structure. 
Because differences in bond and contact 
di~tances through the series are exact 
linear functions of the cell dimension, 
other or physical properties which are 
correlated to interatomic separation will 
display the sarne correlation with cell 
dimension. 

The atomic charges determined by the 
Hirshfeld [ 1] method are a small fraction 
of their formal values and consistent with 
other reported values. The atoms become 
increasingly ionic in progressing from 
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KMnF3 to KNiF3 • The variation of charges 
with cell dimension is· close to linear (the 
charges for Co and K for the Co structure 
deviate appreciably from the trend lines 
fo r the series as a whole). 

.e:,. p in a plane containing four M-F 
bonds for these compounds are shown in 
Fig. 1. .D.p along the M-F bond shows 
effects commonly associated with overlap 
of the atomic orbitais. For Mn there is a 
peak, approximately 0.6 A from the metal 
nucleus, 0.5eA _, in height. ln the Fe com
pound the feature is minimum of -0.3eA-' 
with similar radial dependence. This trend 
continues through the series, the feature 
having a depth of -l.12eA- 3 for KNiF3 • 

As the contribution from the antibonding 
orbitais increases the electrons are repelled 
more strongly from the vicinity of the 
M-F bond. The depletion increases pro
gressively, becoming more strongly anti
bonding from Mn to Ni, as the spin conflict 
due to overlap of the F atom electrons 
with the 3d subshell increases. This is 
expected from the exclusion principie. 

The topology of .c:,. p in Fig. 1 has a 
contrasting parallel in D.. p along the M-K 
interaction vector. There is a minor build 
up of density along the Mn-K direction. 
This feature becomes increasingly more 
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is shown in Fig. 2, which depicts the 
heights at the F atom, in the e0 orbital 
and in the t 20 orbital projected on to the 
plane of Fig. 1. The variation is close to 
linear in all cases. This is not surprising 
since the overlap between the metal atom 
and the F ligands must vary in a regular 
manner. 

+ 

Feature 
o/ 

~' ~.i-:~;..-~~~~~~~~::-~::-
~ .00 4.03 4.06 4.09 4.12 4. 15 4.18 

Cell dimension (Á) 

Fig. 2 -The magnitudes of t:i,. ~ at various points 
in the cell as a function of cell dimension. 

The effect of increasing the d subshell 
population for the M species on the orbital 
overlap can be understood qualitatively in 
terms of the changes in the electrostatic 
energy, Ees . This is the classical elec
trostatic interaction energy for overlapping, 
undeformed, spherically symmetric charge 
density clouds. It can be considered as 
the first order term in a perturbation 
expansion of the total energy and is often 
dominant. Changing the d shell population 
has two competing effects on the bonding 
energy. Raising the number of d electrons 
increases the degree of overlap, but at 
fixed separation this is outweighed by the 
contraction of the electron cloud due to 
the increased nuclear charge. The com
bined effect is to reduce the magnitude of 
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the bonding i.e. to raise the bonding 
energy. 

The bonding E es becomes more neg
ative as the contact distance is comprcssed. 
ln addition to the E es , the total bonding 
energy includes contributions from .t:>.p 

associated with exchange and other 
polarisation terms. The sign of this con
tribution can be inferred from the t:>. p 

topology in the interatomic region. 
ln Fig. ld there is a large deficiency 

of electrons near the Ni atom, along the 
Ni-Ni (and Ni-F) vectors. This makes an 
antibonding contribution to the total bond
ing energy, which, for the Ni-Ni interac
tions, must be more positive than E es 
Conversely near the Mn atom there is 
electron excess along the Mn-Mn (and 
Mn-F) vector. ln this case the contribution 
is bonding, lowering the total bonding 
energy below E es . We conclude that the 
contribution of the polarisation on the 
M-M interactions is increasingly antibond
ing from KMnF3 to KNiF3 • 

M-K interactions are often neglected 
because of their supposedly small con
tribution to bonding. The sign of the 
contribution of the polarisation to the 
bonding energy is opposite to that for 
the M-M and M-F interactions, because 
of the increase in density along the M-K 
vector as M progresses towards Ni, ln 
KNiF 3 there is a large excess of density 
directly along the Ni-K vector which 
makes a bonding contribution. The weak 
depletion of density along the Mn-K vector 
KMnF 3 will make a slightly antibonding 
contribution to that interaction energy. 
The total contribution of the M-K interac
tion to the bonding energy is increasingly 
bonding from KMnF3 to KNiF3 • 

There is a significant feature, midway 
between and 2 A from the K atoms, which 
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is 2 A and 2.8 A from the F and M atoms 
respectively (Fig. 1). Ãp is 0.6eA- 3 at that 
location for KMnF3 , progressively decreas
ing to a hollow of -0.8eA- ª in the Ni struc
ture. The feature becomes more prominent 
and more localised with increasing data 
resolution. The rate of increase is slow, 
as expected of valence electron terms. 
lt cannot result from random error and is 
highly unlikely to arise from similar system
atic errors in four different experiments. 

Although too far from the atomic cen
tres to be attributed to well known chem
ical effects, the change through the series 
is highly correlated with those of other 
significant features . The variation of Ãp 

at this site, plotted against cell dimension 
in Fig. 2 (marked Feature), shows the sarne 
linear variation as those for the other 
characteristic features of known origin. 
This suggests that they arise in a similar 
way. 

The structural cavity may be a local 
maximum or minimum in b.p depending on 
the chemical species at the M site. Because 
the feature is far from the nuclei, at a site 
of low electrostatic potential, this has 
significant implications for the related 
high Te LaBa2Cu3Q7 superconductors. 

This work was supported by the Aus
tralian Research Grants Scheme. 
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QUANTUM TOPOLOGY APPROACH TO THE X-RA Y DIFFRACTION 
RESULTSINTERPRETATION:ETHANE, ETHYLENE AND ACETYLENE 

M. KAPPHAHN, V. G. TSIREL 'SON, R. P. ÜZEROV 

Mendeleev - Ins titute of Chemica l T echnology, Moscow , U .S.S.R. 

ABSTRACT - The application of the topological approach [l] to the experimental 
electron density distribution has been attempted. The molecules C2H6 , C2H4 and C2H2 
have been choosen as examples. The low-temperature experimental data have been 
taken from [2] . 

The present work is concerned with 
the attempt to apply the quantum topology 
approach [l] to the interpretation of 
experimental dynamic electron densities in 
the crystals C2Ho , C2H. and C2H2 . The 
electron density function p for C2Hu was 
obtained from Eq. (1): 

N 
p (r) = 8 (r) + ~ poj (r ·- R j), (1) 

p j = l 

where 8 p is the deformation density func· 
~ion and the second part - the promolecule 
contribution. For the other two crystals p 

has been calculated as a superposition of 
multipole-pseudoatoms [3] . 

ln all three crystals e -e bond criticai 
points (3 , - 1) have been observed in the 
inversion centres of the unit cells. The 
results of topological analysis have been 
compared with analogous results derived 
from ab-initio calculations for free molec
ules [4, 5] (Table 1) . Experimental 
dynamic and theoretical static topological 
characteristics for C2H6 are in a good 
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agreement. The only difference is the 
non-zero-ellipticity for crystal C2H6 • Taking 
into account the non-coincidence of the 
Hessian-eigenvectors with the main direc
tions of the thermal motion ellipsoids for 
carbon atoms we have concluded, that this 
effect is determined by intermolecular 
interactions in crystal C2H6 • ln fact, the 
direction of the most slowly decrease of 
charge density (Hessian-eigenvector v2) 
deviates from direction [100] by 15.4°. This 
is the direction to the nearest neighbouring 
molecules in the crystal. 

There is some disagreement between 
dynamic and static topological charac
teristics for C2H1 and C2H2 . ln order to 
find out the dependence of thermal moqon 
and internuclear distance on the topological 
characteristics of charge density in the 
e -e bond criticai point, isotropic thermal 
parameteres Bj [6] have been introduced 
in the promolecular part of Eq. (1): 

4 

p ~j (r) =-= 8 77'3 / 2 

1~ 1 aij (bij + Bj) - 3; 2 

exp (- 4 77'2 r2 / (b1j + Bj)) (2) 
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TABLE 1 -Topological characteristics for the C - C bond (C 2H.,), C = C bond (C2H4 ), C := C bond 
(C 2H2 ) and C - H bonds in the bond criticai points. 

2 1 : 

Bond R,A p, e/ A ª Vf' e/ AS À,, e/ A5 ). 2 , e/ A s ). 3 , e/ A 5 E 

AI 1.510 1.611 - 16.13 - 12.09 - 11.49 5.21 0.05 
C - C 

Bl 1.528 1.701 - 15.92 - 9.25 - 9.25 7.06 0.00 

A2 1.336 2.156 - 16.71 - 16.82 - 14.17 14.28 0.19 
C = C 

B2 1.306 2.286 - 22.42 - 16.68 - 13.63 7.89 0.22 
-· 

A3 1.183 2.835 - 31.24 - 22.38 - 22.36 13.24 0.00 
e := e 

B3 1.190 2.737 - 31.25 - 16.21 - 16.21 1.17 0.00 

C-H Al 0.960 1.546 - 8.78 - 13.01 - 13.0 1 16.24 0.00 

C-H A2 1.071 1.396 - 5.47 - 13.22 - 5.24 12.99 1.52 
-

C-H A3 1.043 1.419 - 7.12 - 10.26 - 10.24 13.38 0.00 

C-H B 1.086 
1 

1.881 - 23.71 - 17.47 - 17.47 11.07 0.00 

Note : 1) «A» - molecule in the crystal (present work) , «B» - ab-initio calculations for free molecules 
[4, 5], R - internuclear distance, I' and v2p - values of electron density and Laplacian of 
electron density in the (3, - 1) - criticai points, e - bond ellipticity. 

2) The values for C - H bonds have been averaged. 

TABLE 2 -The influence of atomic thermal motion on the topological characteristics in the (3, - 1) 
criticai point of the C2H6 , C"H , and C2H2 promolecules. 

Fragment C - C Fragment C = C Fragment C := C 

B,A2 
p, e! A ª 1. 1 =À 2 , e! A s ).:i ,e; A s p, e! Aª ). 1 = ). 2 , e/ A s ). 3 , e/ A5 p, e/ Aª À1 =Ã 2,e/A 5 ). 3 , e/ A 5 

---

o.o 1.114 - 5.035 11.265 1.548 - 7.588 12.271 1.899 - 9.757 11.724 
0.5 1.117 - 4.923 10.432 1.538 - 7.303 11.074 1.875 - 9.332 11.347 
1.0 1.118 - 4.812 9.740 1.528 - 7.122 11.918 1.862 - 9.570 20.532 
1.5 1.119 - 4.727 9.818 1.528 - 7.336 17.641 1.891 - 11.064 39.097 
2.0 1.122 - 4.752 11.343 1.549 - 8.038 26.421 1.966 - 13.259 56.223 
2.5 1.131 - 4.917 14.068 1.592 - 9.025 34.605 2.072 - 15.408 66.312 
3.0 1.149 - 5.201 17.172 1.651 - 10.038 40.201 2.185 - 17.073 69.503 
3.5 1.174 - 5.545 19.935 1.717 - 10.904 42.925 2.292 - 18.144 67.877 
4.0 1.204 - 5.898 21.977 1.783 - 11.550 43 .302 2.383 - 18.672 63.476 
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The deformation density 8 p in the bond 
region depends much less on the atomic 
thermal motions [7]. 

The influence of thermal motions is 
increasing when bond order becomes bigger 
(Table 2). The static topological charac
teristics in the (3, - 1) - criticai point for 
the e - e promolecular bond fragment 
have not been changed by thermal motion 
of carbon atoms (in crystal C2HG at 
T = 85 K: B (C) = 2.1 A2), unlike the 
C = C bond fragment (in crystal C2H4 at 
T = 85 K :"B (C) = 2.8 A2) and the C := C 
bond fragment (in crystal C2H2 at T = 141 K: 
B (C) = 4.2 A2). At first an intensifica
tion of thermal motion results in a primary 
increase of À3 (and v2p = Àa - 1 A, 1 - 1 À2 !) . 
Crystal C"H ' sets an example for this case. 
A further intensification of thermal motion 
results in a primary increase of 1 À1 1 and 
1 À2 1. which will compensate for the former 
increased value of A3 • That is why the 
\ 2p - values for C~H2 have coincided. 

Fig. 1 - The Laplacian of electron density v .i p 

distribution in the H - C - C - H plane of crystal 
C"H" . ln the dotted regions v 2 r < O, around the 

nuclei v2p<< O. 
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Fig. 2 - The Laplacian of electron density ó 2 p 
distribution in the molecular plane of crystal C

2
H

4 
• 

ln the dotted regions v 2 p < O, around the 
nuclei v 2 p << O. 

[J·ta· . . . - . . - . - . 
Q .·: ·. 0 .. .. ; ~~ .. . ~ . . . -· ~ 

.'. -_ . .. . _ .· 
•' . . 

Fig. 3 - The Laplacian of electron density v 2 p 
distribution in the molecular plane of crystal C

2
H

2 
• 

ln the dotted regions 2 p < O, around the 
nuclei 2p << O. 

The promolecular C - H bond fragment 
is much more sensible to thermal motion, 



216 M. KAPPHAHN et ai. - Quantum topology approach to the X-ray 

which makes it difficult to apply the topo
logical approach for the analysis of C - H 
bonds. A further temperature-fall for dif
fraction experiments will facilitate topolo
gical analysis for such bonds. 

Figures 1 and 3 illustrate the àl!p _ 

distributions for the given crystals . They 
are typical covalent binding charge density 
concentrations in the internuclear regions. 

A further development of topological 
analysis for dynamic electron densities 
will allow more chemical significant infor
mation to be obtained directly from X-ray 
dif.fraction experiments. 
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CHARGE DENSITY DISTRIBUTION, ELECTROSTATIC POTENTIAL AND 
COMPLEX FORMATION ABILITY OF SOME NEUTRAL AGENTS 

A. A. VARNEK, A. S. GLEBOV, A. N. KuzNETsov 

D. I. Mendeleev Institute of Chemical T echnology, Moscow, 125820 U.S.S.R. 

ABSTRACT - Quantum chemical, molecular mechanical and Monte-Cario calcula
tions have been carried out for explanation complexation and extraction ability of some 
neutral organophosphorus and macrocyclic agents. 

The aim of this work is a theoretical 
investigation of the influence of substi
tuents on some neutral macrocyclic and 
organophosphorus agents complexation and 
extraction processes. 

1. According to experimental data 
[l, 2) the introduction in benzene rings of 
dibenzo-18-crown-6 (DB18C6) both elec
tron donor substituents (Cl, N02 ) and elec
tron acceptor ones decrease the stability 
of their complexes with alkaly cations. 

Let us consider the metal cation (M n+ ) 

complexation process with ligand (L) in 
the solvent (S): 

n+ n+ 
(Ms ) + (L) s -7 (M) s , (1) 

as a set of the following stages: cation (1) 
and agent (II) desolvatation, agent con
formational transformation (III), agent
-cation interaction (IV), complex solva
tion (V) . ln this case the complexation 
energy Ec is determined as a sum of 
energy of the stage 1-V. 
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Conformational transformation energy 
has been calculated by molecular mechanics 
method using MM2 programm [3). The 
energy of ion-molecular and intermolecular 
interactions t.E has been calculated by the 
method based on perturbation treatment: 

where the electrostatic term Ees is deter

mined from the molecular electrostatic 
potential (MEP) of the agents, the polari
zation (Ep1) and van-der-Waals energy 
terms (Ew) - according to [4]. Solvation 
energy was estimated by means of Monte
-Carlo method. 

Calculations of crown-ethers (CE) 
atomic charge received from CND0/ 2 are 
shown on Fig. 1. 

The alkyl cation-CE interaction energy 
calculated according to equation (2) de
creases in the series DB18C6-dichloro 
DB18C6-dinitroDB18C6. Adding the alkyl 
groups to BD18C6 did not change the 
interaction energy. 
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According to our results there are 
different reasons for the metallo-complexes 
stability decrease of in the case of DB18C6-
-substituted. The influence of electron-
-acceptor (Cl, NO) substituents is connected 
with decrease of cation-ligand interaction 
energy (Fig. 2). Decrease of the dialkyl
-DB18C6 complexes stability is associated 

o 

0.140 - D.217 
0.140 - D.210 

0.139./"" e ~ 021,9./ ~ 

l
c o.14s o 

0.145 
0Yt5 o - 0.207 

- D. 204-
- 0.201 

[ 

f-J. ~e} 
R = CL 

N02 

Fig. 1 - Charge distribution in fragments of the 
DB18C6 and its dichloro-, dinitro- and dialkyl 

substitueted. 

with hydrophobic interaction of CE, which 
becomes stronger with the increase of the 
alkyl chain size. Thus, the decrease of 

different terms Ec results in the sarne 
effect - the decrease of total complexation 
energy, and, hence, the decrease of complex 
stability. 

20 

30 

40 

Fig. 2 - MEP distribution along the line of P = O 
bond; 1 -TMP, 2 - DMP, 3 - MDP, 4 -TMPO. 

2. The molecular electrostatic potential 
(MEP) distribution [5] may be effectively 
used for estimation of agents extraction 
ability if E is approximated by the ion
-molecular interaction energy. ln the series 
trimethylphosphate (TMP) - dimethylme
thylphosphonate (DMP) - methyldimethyl
phosp 1inate (MDP) - trimethylphosphine 

TABLE 1 - Charge distribution on P = O fragment 

MNDO CND0/2 (spd) CND0/2 (sp) 
Cale. method 

o ph p o ph p o ph p 

(CH3 0)-1PO - 0.695 1.467 - 0.342 0.566 - 0.490 1.361 

(CH30) 2CH3 PO - 0.689 1.193 - 0.328 0.450 - 0.489 1.355 

CH30(CH3 ) 2PO - 0.668 0.893 - 0.311 0.351 - 0.480 0.904 

(CH:i) 3PO - 0.639 0.579 - 0.297 0.276 - 0.467 0.676 
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oxide (TMPO) extraction ability decreases 
if the alkyl radical replaces the alkoxyl one. 

The quantum chemical calculations for 
this series were accomplished by CND0/ 2 
(sp- and spd-basis) and MNDO methods. 
The charge distribution data in P = O 
fragments of investigated molecules re
ceived from calculations are present in 
Table 1. 

The presented data indicate that nega
tive charge on oxygen of phosphoryl group 
(Oph) decreases from TMP to TMPO while 
the extraction ability in such series 
increases. 

MEP distribution along the line of 
P = O bond for the series TMP-TMPO is 
presented in Fig. 2. The comparison of 
the curves evidences a shift of the corre
sponding curve to more negative MEP 
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values when changing of alcoxyl substi
tutional group for alcyl group which 
correlates with known experimental data 
coi1cerning extraction ability. 
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THE ATOMIC AND ELECTRON STRUCTURE REFINEMENT WITH THE USE 
OF A-PRIORI CHEMICAL BOND DATA 

KRASHENINNIKOV, M. V. 
Mendeleev Ins titute of Chemical T echnology, 

Moscow 125820, Miusskaja Sq. 9, U .S.S.R. 

The free spherical symmetric atom 
model is usualy used in the traditional 
methods of covalent crystal structure 
refinements. Some of the important atomic 
electron density distribution peculiarities 
are not taken into account in this rnodel. 
This can influence the thermal parameters , 
scale factor and other refined values as 
well as the experimental electron density 
distribution. Many models (aspherical form 
factors, double atom, re-technique; multi
pole decomposition) have been suggested 
in order to improve the situation. 
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An iteration refinement procedure is 
proposed that deals with the standard 

parameters determination as well as the 
full crystal potential distribution in recip

rocal space calculation. The corrections to 
the experimental and calculated structure 

factors can also be determined in the linear 
quantum perturbation theory approach, 

the Fermi wave number being taken into 
account. By this procedure the results 

converge to the self consistent parameters, 
within acceptable limits. 





MÕSSBAUER-EFFECT AND SPIN-DENSITY-WAVES 
OF CHROMIUM (*) 

S. M. DUBIEL 

Ins titute o r N.:et a llu rgy, A. G. H., AI. Mick iewicza 30, 
PL-30-059 K raków, P ola n d 

Chromium is known as a spin-density
-wave (SDW) antiferromagnet. The name 
follows from the fact that its magnetic 

moment ter has not a constant magnitude, 
but it is modulated according to the 
following formula: 

~ 
/ter = µ, 0 n sin Q · r (1) 

where µ, 0 = 0.59 fkB is the maximum value 
of 1 'ter 1. ; is the polarization unit vector 
and Q = 2 7r/À q is the wave vector. These 
are just SDW, because of their peculiar 
properties, which make chromium such a 
fascinating subject of research [l): 

(i) The polarization of SDW depends 
bn the temperature T. For Tsr < T < TN 
the polarization is transverse i. e. q . n = O. 
TN = 312 K is the Néel temperature and 
T8 r = 123 K is the so called spin-flip tem
perature. Below T5 r the polarization is 
longitudinal i. e. q . n = 1. 

(ii) SDW are i11commensurate with 
the underlying lattice, i. e. Q =I= 2 7r/a, 
where a is the lattice constant. 

(iii) The modulation of the SDW is 
not purely sinusoidal but a second- and a 
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third-order harmonics exist with a relative 
contribution of 0.16 % and 1.75 % respec
tively. 

The aim of the present paper is to 
demonstrate that the Mossbauer-effect 
spectroscopy (MES) is a very suitable tool 
to study SDW of chromium and related 
effects. It is so because the hyperfine (hf) 
field, one of the three hf parameters which 
one measures through MES, is proportional 
to the spin-density of the s-like electrons 
which constitutes the SDW for chromium. 
Despite these favourable circumstances 
MES has not contributed to the investiga
tion of SDW to the extent as e. g . diffrac
tion techniques have. This may have 
resulted from a failure to successfully 
observe the spin-flip transition by means 
of 5 7Fe MES by Wertheim [2] , which in 
fact was a first attempt to use MES in 
such an investigation. Few years later 
Pepper and Street [3] and Street and 
Window [4] succeeded to observe SDW by 
means of 119Sn MES. ln particular, they 
demonstrated that SDW is incommensurate 

(*) Supported in part by project nº 
106/ BP/ 87 - CPBPOl.04. 
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and they become commensurate on addition 
of Mn into Cr matrix. They could also 
determine the value of T N . 

rnsn MES has also proved to be useful 
to study the spin-flip transition [5]; the 
third-order harmonic could have been 
detected in the sarne way [6] . 
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Fig. 1 - The average hf field, H versus solute 
atoms eoneentration, y, as dedueed from room 

temperature 119Sn Mossbauer speetra [8]. 

The influence of different parameters 
like higher-order harmonics, their ampli
tudes and signs, on SDW has been recently 
studied by means of model calculations [7] . 
lt has been shown that nosn Mossbauer
-spectra sensitively depend on them. 

As is well known the antiferromagnetic 
properties of chromium depend very much 
on foreign atoms. ln terms of SDW it 
means that their properties are substan
tially modified by those atoms. ln par
ticular, vanadium is known to drastically 
quench SDW, while manganese acts in an 
opposite direction as it increases the 
amplitude of SDW and their wavelength 
finally making the SDW commensurate. Our 
recent investigation of several Cr-based 
alloys with Mn, V. Fe and Sn, by means 
of 110Sn MES has clearly shown that such 
conclusion can also be drawn from the 
Mõssbauer spectra [8]. Figure 1 illustrates 
the average 119Sn hyperfine field versus 
the impurity concentration. We note that 
the above-mentioned influence of the 
impurities on snw can be readily seen 
from that figure. 
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THE INFLUENCE OF INEQUIV ALENT COBALT SITES ON THE 
SPIN AND ORBITAL MAGNETIC MOMENTS IN YCo3 

BARBARA SzPUNAR and VEDENE H. SMITH, JR. 
D epartment of Chem is t ry , Queen 's Unive r.~itr, K ingston , Ontario, Canada K7L 3N6 

A BSTRACT - Self-consistent band calcula tions for YCo.5 have been performed 
with the linear-muffin-tin-orbital, atomic-sphere approximation (LMTO-ASA) metnod. 
ln contrast to earlier calculations in the literature, the 2c and 3g cobalt sites were not 
constrained to be equivalent. The resulting differences in the local electronic and 
magnetic structure of these cobalt sites are discussed. 

Intermetallic rare earth-transition metal 
compounds, such as Nd2Fe14B, are known 
to be useful as permanent magnets. ln 
arder to understand these compounds, 
calculations of their electronic and mag
netic structures would be invaluable. The 
crystal structure of Nd~Fe, .B, for example, 
is very complicated and ab initio calcula
tions would be very time consuming 
because there are 68 atoms per unit cell. 
However, these compounds have a tetra
gana! crystallographic structure which is 
related to the hexagonal CaCu" struc
ture (l] (see Figure 1) . As a result it is 
hoped that an accurate analysis of the 
simpler R(rare-earth) Co5 compounds will 
lead to realistic progress in understanding 
the magnetic properties of these very 
complex compounds. 

The first calculation [2] of the magnetic 
properties of such a compound YCo ;; were 
made using the self-consistent augmented 
plane-wave (APW) method but with 
the constraint of equivalence of both types 
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(2c and 3g) of cobalt sites (see Fig. 1). 
This meant that the results could not 
predict a local magnetic anisotropy although 
it is known from polarized neutron diffrac-

- --
1 
1 - - _._ __ 

e YTTRIUM ATOM 

O COBAL T ATOM (2c) 

~ COBAL T ATOM (3g) 
Fig. 1 - YCo5 unit cell (CaCu5 crystal structure). 
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tion [3] and NMR experiments [4] that 
there is a significant difference between 
the magnetic properties of these sites. 

Subsequent theoretical calculations [5] 
of the local orbital moments by means of 
the recursion method supported the experi
mental results , namely that the two cobalt 
sites have different magnetic properties. 
On the other hand Kurihare et al. [6] found 
very poor agreement with experiment 
calculations of the anisotropy constants 
unless the drastic assumption was made 
that there were very small differences 
( - 1 O-ª) in the number of electrons for the 
different directions of magnetization. 
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The purpose of the present study was 
to investigate this problem by means of 
electronic structure calculations without 
the constraint of equivalent cobalt sites. 
The calculations were made using the 
linear muffin-tin orbital (LMTO) atomic 
sphere approximation (ASA) method [7-9) 
which is based on local spin-density (LSD) 
functional theory. This method is known 
to be quite good for close packed systems 
and has been successfully used for the 
study of rare earth and transition metals. 

ln the present self-consistent calcula
tions, a basis set of s, p, d and f partia! 
waves was used for the valence electrons 

DENSITY OF STATES 

m l =-2 

COBAL T 2C SITE 

-0.1 -0.5 
ENER(;Y (Ry) 

-0.2 -0.1 

Fig. 2 - Decomposed density of states for Co(3g) and Co(2c) atoms for m 1 = 2 and m
1 
= - 2. 
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with the frozen core approximation (argon
-like and krypton-like cores were used 
respectively for the cobalt and yttrium 
atoms) . The von Barth-Hedin local (spin) 
density approximation was used to describe 
the exchange-correlation energy [10). Cal
culations were made both with and without 
spin-orbit coupling - all other quasi-rela
tivistic corrections were included. 

It was noticed previously [2] in the 
case of the constrained self-consistent cal
culation that convergence was difficult for 
YC011 . It is even more difficult when the 
two types of cobalt sites are allowed to 
differ. Convergence was obtained only by 
assuming a small mixing parameter (5 % ) 

in the iterative process. Ninety points were 
sampled in the irreducible wedge of the 
Brillouin zone and the density of states 
(DOS) was integrated with an energy step 
of 0.5 mRy. 

The convergence problem is probably 
due to the high density of states (DOS) of 
the minority spin electrons at the Fermi 
energy. ln fact the pealk of the minority 
spin DOS is at the Fermi energy. This is 
in agreement with experimental expecta
tions [11] and also with previous calcula
iions [2, 12). 

There is not much difference between 
the band structure of pure cobalt [13] and 
that of YC011 . The number of occupied d 
states is almost the sarne (pure cobalt 
nd ti = 7.515 [13]) but in YC011 the mi
nority d bands of cobalt are squeezed to 
lower energies due to different lattice 
parameters and hybridization with the 
yttrium d electrons. The main difference 
between the two different cobalt sites is 
that the DOS around the Fermi energy on 
Co(2c) is higher than on Co(3g) . 
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The Fermi energy is shifted from 
--- 0.1134 Ry without spin-orbit coupling to 
a higher value of - 0.0963 Ry with spin
-orbit coupling. The calculated spin con
tributions to the magnetic moment [Co(2c): 
1.29 µ.B , Co(3g) : 1.44 µ.B and Y: - 0.37 µB ] 

are in very good agreement with experi
ment [11]. The difference between the 
local orbital moment on the 2c and 3g 
sites was calculated to be equal to 0.18 µ.

8 

The main contribution to this difference is 
due to the d electrons with azimuthal 
orbital quantum number m1 = + 2 on the 
Co(2c) and Co(3g) sites. The decomposed 
density of states for m1 = ± 2 is presented 
in Fig. 2. There are two remarkable peaks 
on the Co(2c) site for m1 = 2. These peaks 
are the main contributors to the orbital 
moment on the Co(2c) site. The peak closer 
to the Fermi energy is due to the minority 
spin electrons on this site. We suggest that 
this feature of the electronic density on 
the Co(2c) site is responsible for the high 
anisotropy on this site. 

Support of this research by the Natural 
Sciences and Engineering Research Council 
of Canada is gratefully acknowledged. 
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ELECTRONIC AND MAGNETIC STRUCTURE OF SUPERCONDUCTING 
COPPER OXIDES 

BARBARA SZPUNAR and VEDENE H. SMITH, JR. 
Department of Chemis try, Queen 's Unh ·ersity, K in g s to n, On ta r io, Canada K 7L 3N6 

ABSTRACT - The results of self-consistent spin-polarized band structure calcula
tions on YBa 2Cu,pn and YBa 2Cu,.0 7 are discussed. For YBa 2Cu30 6 a locally stable 
metamagnetic state is found with antiferromagnetir ordering of the copper magnetic 
moments in the Cu2-0 plane, and with a Peirels-type gap around the Fermi energy 
such that it is a semiconductor. For YBa 2Cu30 7 , results for a forced ferromagnetic 
state are discussed. The Cul sites in both compounds are not likely to form substantial 
local magnetic moments. 

1 - INTRODUCTION 

The recent, continuing, discoveries of · 
classes of compounds containing copper 
oxide planes, some of whose members are 
superconductors with unusually high tran
sition temperatur~s Te, has prompted a 
large number of theoretical efforts to 
identify the mechanisms responsible . and 
to understand the structure of these com- · 
pounds . 

To this end a series of self-consistent 
band structure calculations have been per
formed in our laboratory for severa! of the 
new families of materiais namely the doped 
La2_xMxCu04 family, the YBa2Cu30 6+ y 

family and more recently the Tl2Ba2 

CanCun+10 2n+s and Bi2Sr2CanCun+i0 2n+6 
(n = O, 1, 2, 3) families. 

ln our studies we perform self-con
sistent band structure calculations using 
the linear muffin-tin orbital (LMTO) atomic 
sphere approximation (ASA) method [l] 
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which is based on the local spin density 
(LSD) functional approximation (Hohen
berg-Kohn-Sham). The exchange-correla
tion energy is described using either the von 
Barth-Hedin [2] or Vosko-Wilk-Nusair [3] 
approximations. These two potentials yield 
similar results but the calculations con
verge more rapidly with the latter. Spin
-or:bit coupling is usually neglected but ali 
other quasi-relativistic effects are always 
inçluded. Our calculations are either non
-spin polarized or spin-polarized as appro
priate for the problem under consideration. 
Fbr spin-polarized calculations of meta
magnetic antiferromagnetism, particular 
\care must be taken in choosing a sufficient 
number of k points in the irreducible 
wedge of the Brillouin zone. The LMTO
-ASA method is very suitable for such 
calculations as it is very transparent, quite 
efficient and appears to mimic well the 
results of calculations with highly precise 
methods such as (FP) LAPW. 



230 BARBARA SzPUNAR et ai. - Electronic and magnetic structure of superconducting copper oxides 

2 - COMPARISON OF YBa2Cu30 6 AND 
YBa2Cua0 1 

ln an early study [4] we showed for 
YBa2Cu,0 1 the importance of the oxygen 

-~ 
a:: 
.( 

j 270. o 
w 
(.) 

r-
z 225. o 
:::> 
w 
...J 

~ 180. o 
(/) -' (/) w 135. o ..-
<( ..-
(/) 

u.. 90. o o 
~ ..-
(/) 
z 
w o 

45.0 

p electrons which dominate the density of 
states (DOS) in the region around the 
Fermi energy. ln contrast, it is found for 
YBa2CuaO" that Cu d electrons dominate 
the DOS in that region and are presumably 
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Fig. 1- Density of states for the meta antiferromagnetic solution for YBa2Cu30 6 • 
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responsible for the magnetic interac
tions. 

These non-spin polarized calculations 
exhibited metallic behaviour for both com
pounds. One would expect that the in
sulating character of YBa 2Cu.30 G (and 
La2CuO.) is related to the antiferromagnetic 
ordering expected (and now observed) at 
low temperatures. Spin-polarized calcula
tions within the LSD approximation for 
La2Cu04_y havt> not yet succeeded in 
finding a stable AFM ground state with 
an insulating gap. 

Prior to the experimental determina
tion [5] of the AFM structure of YBa2Cu30 6 , 

we demonstrated [6) that it was possible 
to find a stable insulating ground state. 
This calculation was done by forcing the 
AFM ordering for a half-filled band until 
an AFM «Feireis gap» opens up at the 
Fermi energy due to the doubling of the 
unit cell. The remova! of the forcing 
magnetic field does not destroy the gap 
and the self-consistent solution sub
sequently obtained. The gap was called a 
«Peirels gap» as the effect of AFM ordering 
on the electronic structure is analogous to 
the Feireis lattice distortion effect. 

This solution is analogous to metamag
netism [7]. Stability was only possible by 
the use of a large number of k points 
(~ 108/ irreducible wedge of the Brillouin 
zone) . 

ln this calculation [6], a ferromagnetic 
(FM) ordering between the planes was 
assumed. We report now the results of 
assuming an AFM ordering between the 
planes. ln Fig. 1 the DOS is shown for 
the stable AFM solution. As is always 
found in the LSD approximation, the gap 
at the Fermi energy, 0.1 eV, is smaller than 
experimentally found (-2 e V). Alternating 
moments of 0.3 l"B were found on the Cu2 
atoms (in the CuO plane) which are 
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smaller than the experimental values 
( - 0.5 JJ.B) . Zero moments were found on 
the Cul and oxygen sites. The spherically 
averaged spin density of Cu2 atoms is 
presented in Fig. 2. The maximum is at a 
distance of 0.56 a. u. from the centre of a 
Cu2 atom. 
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Fig. 2 - Spherically averaged spin density about 
a Cu2 atom in YBa2Cu30 6 from the meta anti

ferromagnetic solution. 

Forced FM calculations for YBa2CuaO, , 
(which collapse to the paramagnetic when 
the forcing field is removed) show that 
a very small moment can be formed on 
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Fig. 3 - Spherically averaged spin densities for 
various sites in YBa~Cu307 from a forced 

ferromagnetic solution. 
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Cul atoms in contrast to the case in 
YBa2CuaOG where the Cul atoms are 
isolated and do not contribute to the DOS 
at the Fermi energy. ln Fig. 3, the 
spherically averaged spin density is shown 
for the forced FM solution for YBa2CUaÜ7. 

The stability of a inoment in these 
compounds is dependent on the oxygen 
content. However the local moment on Cu2 
site is very similar in both phases. This 
suggests that the moment in YBa 2Cu3Q7 

may be oscillating such that no static 
moment is observed. 

Support of this research by the Natural 
Sciences and Engineering Research Council 
of Canada and the Ontario Centre for 
Materiais Research is gratefully acknowl
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MAGNETISATION DENSITY DISTRIBUTION 
IN AN ORGANO-BIMET ALLIC COMPLEX OF Cu(II), Ni(II) 

B. GILLON 

Laboratoire Léon Brillouin (CE A-CNRS), CEN-Sacla y 
91191 Gif-s u r-Yvette ced ex, France 

Y. JOURNA U X, o. KAHN 

L aboratoire de Spectrochim ie des Elémen ts de Tra ns ition , 
ERA 672, Uni ve rsité P aris-Sud, 91405 Orsay cedex , Fra nce 

Organo-bimetallic complexes of 3d 
transition metals present a large variety 
of intramolecular magnetic interactions, at 
long distance, between the 3d ions , 
depending on the number and the nature 
of the ligands surrounding each metal. The 
determination of the magnetisation density 
in such systems, using the Polarised Neu
tron Diffraction method, yields direct 
information about the magnetic coupling 
and thP. role of the atoms of the organic 
bridge relating the metal ions. 

ln the complex Cu(Salen) Ni(hfa) 2 , two 
oxygen atoms from the central bridge 
between the Cu2 + and Niz+ ions: 

/ 
1 ' o / 

-N'\_ /0"1 . /0 
/Cu \ /N1 "-

-N O 1 o, 
1 1 o ' 

" 
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The experimental study was performed 

on the polarised neutron diffractometer 

5Cl at the LLB in Saclay (France) . Two 

sets of data have been collected using a 

lifting counter, for two different orienta

tions (a vertical , then b vertical) of the 

sarne single crystal, at 2K, under an 

applied field of 5 teslas. The whole set of 

362 reflections permitted to determine the 

three-dimensional image of the magnet

isation density, using a multipole refinement 

method. A strong positive density on the 

Nickel and a weak negative density on 

the Copper are observed, in agreement 

with a fundamental doublet spin state. The 

spin delocalisation on the ligands is dis

cussed. 





SPIN AND ORBITAL EFFECTS IN 5F COMPOUNDS 

G. H. LANDER and M. WULFF 

Commision of the European Communiti es, J oint R esearch Centre 
European Institute for Transuranium Elements 

Postfach 2340, D-7500 Karls ruhe 
F ederal R epublic of Gennany 

ABSTRACT - The 5f electrons that surround the nucleus of the light actinide 

elements (U, Np, Pu, and Am) behave in a different way to the 4f electrons that one 

finds in the lanthanide series. The large spatial extent of these 5f electrons means 

that they interact strongly with electrons belonging to neighbouring atoms. ln this 

sense, of course, they are not unlike 3d electrons. However, their f quantum number 

means that they have a strong orbital character. What happens to this orbital character 

when there is a strong hybridization between the 5f electrons and neighbouring d or p 

electrons? This is an important question in actinide physics. It has been addressed 

by theory and in this paper we shall discuss neutron experiments that address this issue. 

ln the light actinides with less than a half-filled shell the orbital (L) and spin (S) 

moments are opposite if we follow Hund's rule and Russel!-Saunders coupling. The 

magnetization densities of the L and S components have a different spatial density. 

Thus, we can imagine a cancel!ation of L and S when integrated over ali space, but 

for a certain Q (scattering vector) a finite moment exists. We will discuss the unusual 

magnetic forro factors of PuSb, PuFe, , and UFe2 that demonstrate this point. 
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COEXISTENCE óF MAGNETIC AND NON MAGNETIC CERIUM 
IN Ce2Sn5 AND Ce3Sn1 * 

J . X. BOUCHERLE, J . SCHWEIZER and A. STUNAULT 
DRF/ SPh-MDN, CE A, CENG, 85X , 38041 Grenoble Cedex, F rance. 

F. GIVORD 
L a b . L oui s Néel, CNRS, 166X, 38042 Grenoble Ced ex , Fra nce. 

P. LEJAY 

CRTBT, CNR S, 166X, 38042 Gr enoble Ced ex , Fra nce. 

The compound CeSn,i is a typical 
intermediate valence system, with a very 
weak value of the magnetic susceptibility 
at low temperatures [l]. The two 
neighboring phases Ce2Sn5 and CeaSn1 are 
both superstructures of cubic CeSn3 (AuCu,. 
type) obtained by ordered substitutions of 
atoms [2]. Contrarily to CeSn3 , they are 
magnetic and order at low temperatures 
(2.9 K for Ce2Sn5 and 5.1 K for Ce3Sn,) {3]. 

Using polarized neutrons, we have 
investigated the magnetization density for 
the two compounds. Experiments were 
carried out at different wavelengths, 
ranging from 0.84 A to 0.5 A (LLB-5Cl , 
ILL-D3), on large single crystals. Ce2Sn5 
anisotropy: for both compounds, magnet
ization is much higher when the magnetic 
zation is much higher when the magnetic 
field is applied along a [3]. The samples 
were mounted in a cryomagnet (H = 4.6T), 
with their a axis vertical and parallel to 
the field [4]. The Fourier transform of the 
magnetic structure factors F M gives the 
projection of the magnetization density 
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along the a axis. ln the two compounds 
the maps (Fig. 1) show a different 
behavior for the two crystallographic sites 
of Ce: the Ce1 site, which has practically 
the sarne environment as cerium in CeSn3 

(12 first neighbors which are ali Sn atoms), 
is non magnetic in Ce2Sn5 and Ce3Sn1 , as 
in CeSn,1 On the contrary, the Cen site, 
which corresponds to the substitution 
zones at the origin of the superstructures, 
carries ali the magnetization. Its environ
ment is different from the previous site: 
among the 12 first neighbors of Cen, 
10 are Sn atoms but 2 are Cen atoms. 

From the measured magnetic structure 
factors, the form factors of the Cen atoms 
have been obtained for the two compounds. 
They can be compared with those cal
culated in an atomic model for a 4f ion. 
The parameters of this model based on 

''' Part of thesis work of A. Stunault (Gre
noble University-1988). 
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crystal field and exchange are deduced 
from magnetic studies [3]. ln Ce2Sn5, these 

close to 0.8. ln Ce3Sn7 , no reduction coef
ficient is necessary. The calculated form 

o.o 

C.i Q .... ··----:;··· ... -·· ... _ _:.: O o"·ô··: 
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Fig. 1 - Projections of the magnetization density in the b-c plane: contours at 
0.614 8; A2 for the 1/ 2 cell and 0.2 ,. 8 ! A2 for the 1/4 cell (negative contours in 

dashed lines). 

1 

0.5 

experiments can only be explained with an 
extra moment reduction of Kondo-type 

factors are in good agreement with experi
mental values. 
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ln conclusion, the study of the magnet
ization density by polarized neutron dif
fraction was a fundamental experiment to 
understand the magnetic behavior of the 
superstructures based on the CeSn3 struc
ture. ln these compounds, two types of 
Ce exist: one is nearly non-magnetic, of 
CeSna type, the second is magnetic and 
can be very well described as a 4f ion. 
However, depending on the compound, 
this magnetic Cen presents slightly dif
ferent behaviors. ln Ce2Sn5 , it is affected 
by a Kondo reduction of the moment 
which can be related to the modulated 
magnetic structure [5] (as in CeAl2). At 
the opposite, in CesSn, the Cen has a 
more classical magnetic behavior. This 
family of compounds based on the CeSna 
structure, which are characterized by 
different ratios of magnetic and non
-magnetic Ce, is very well adapted to the 
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study of the disappearance of magnetism 
in the presence of a strong interaction 
between 4f electrons and conduction elec
trons. 
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LOCALIZED MOLECULAR ORBITAL (LMO)/MULTIPOLE (M) FORMALISM 
FOR CHARGE ANO SPIN DENSITY IN COMBINED REFINEMENT 

TO THEORETICAL X-RAY ANO MAGNETIC DATA 
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Chem istry D epartment, SUNY/ BUFFALO, NY 14214, USA 

ABSTRACT- Simultaneous fit of decoupled majority (a) and minority (,B) spin 
density parameters of one (Multipole) and two center (Localized Molecular Orbital) 
models to the combined, theoretical (RHF) X-ray and polarized neutron data of the 
Iron (III) hexaaquo ion was tested. Combined refinement is shown to be powerful in 
gathering information on not only the metal-ligand charge and spin transfer but the 
degree of covalency and the radial behavior of the decoupled spin densities, as 
well [l]. 

1 - FORMALISM 

The model applicable to bot data sets 

is based on the decomposition of the den-

sity into paramagnetic ( p: =I= p ~) 

d. . b b ) 1amagnetic ( p a = p /3 = p b parts 

Thus for the charge ( p e and the 

density ( P 
5

) 

b a + a 
Pc = 2 P + P a P /3 

b 

and 

[2]. 

spin 

p is described in terms of real spherical 
harmonics [3], while the paramagnetic 
metal-ligand subsystem / is represented 
by bonding (i{t ) and antibonding (.p* ) 
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LMO's, composed of symmetry adapted 
linear combinations of metal (>Y) and 
ligand (cp) atomic orbitais: 

'Í' = N(µ>Y + cp) if! * = N*(>!r - >..'f) 

The densities for j = a or (:3 spin are 
given by 

where nkj and n;j are the occupancies 
of i{tkj and .p;j , respectively and the sum
mation is taken over the occupied MO's. 
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2-DATA SET 

The Fe(H20) s ion of T h symmetry was 
placed in a cubic unit cell in space group 
Pmm3 with a = 10.0 A. ln the asymmetric 
unit the atoms are situated at the positions: 
24(1), 6(e) and 12(j) with the site sym
metry m3, mm2 and m for the Fe, O and H, 
respectively. From the occupied HFMO's 

spin is much more localized on the Fe-0 
bonds, directly determined by the single 
occupied 2eg and 1 tg MO's. 

3 - MULTIPOLE REFINEMENT 

To fit the charge and spin densities to 
the combined data, decoupled a and B s:iin 
populations of the symmetry-allowed 
spherical harmonics were adjusted up to 

TABLE 1 - Summary of refinements in terms of valence orbital populations. 

ATOM ORBITAL RHF 

e da 2.352 
Fe 

d1T 3.070 
H 
A a 3.524 
R o 3.503 1T 
G 
E H s 0.445 

Fe da 1.856 

s d1T 2.957 
p 

0.023 
I o a 

1T 0.006 
N 

H s 0.001 

1375 independent reflections were gener
ated. For the details of the RHF calcula
tion we refer to [4]. Atomic valence 
populations Table 1), deformation charge 
~Figure la) and total spin density maps 
(Figure lb) indicate that the charge trans
fer is "indirect" as it occurs at the expense 
of the charge at the hydrogens, while the 

1 

MULTIPOLE 

2.307(29) 
3.075(30) 

3.639(19) 
3.390(21) 

0.448(16) 

1.777(29) 
3.025(30) 

0.029(19) 
0.004(21) 

o.o 

27 
741 

0.025 
O.Oll 

LMO (A) 

2.237(38) 
2.962(40) 

3.636(3) 
3.399(3) 

0.460(10) 

1.891 (3) 
2.970(3) 

0.018(1) 
0.005(1) 

O.O 

22 
741 

0.027 
0.007 

LMO (B) 

2.182(9) 
3.059(9) 

3.678(3) 
3.440(3) 

0.414(1) 

1.818(9) 
2.941(9) 

0.030(2) 
0.0 10(2) 

o.o 

17 
741 

0.029 
0.010 

hexadecapoles, octapoles and dipoles on 
the Fe, O and H, respectively. Although 
the total charges (Table 1) are similar to 
those obtained directly from the wave
function, the result does not reproduce the 
details of the spin density on the ligands, 
where insignificant spin populations were 
found. 
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Fig. 1 (a) Deformation electron density in the X, Y plane calculated from the 
RHF MO's. 
Contour intervals: 0.1 eA-0• Negative contours dotted, zero dashed. 
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Fig. 1 (b) Total spin density in the X, Y plane calculated from the RHF MO's. 
Contours : (O.O, 0.005, 0.01, 0.05, 0.1 , 0.5, 1.0, 5.0 f18). 
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Fig. 2 (b) 
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Residual spin densíty map 
Contours as in Figure 2 (a). 

RHF LMO(A) 
in the X, Y plane ( P s - P s ) · 
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4 - LMO REFINEMENTS 

ln model LMO(A) only the five d-electrons 
with a spin are treated in the MO levei 
(n* = l · n = n* = n = O)· the remainin° 

a 'a f3 f3' 0 

part of the density representing the ligand 
electrons, is considered to be diamagnetic. 
ln such a way the densities are connected 
through antibonding covalent interaction 
of the a electrons. 

ln LMO(B) a part of the diamagnetic 
density is represented by fully occupied 
bonding MO's (n* = n = n = 1, n* = O) . 

· a a /3 /3 
ln this case p LMO corresponds to ionic 

a 
configuration, thus the densities are con-
nected through ·bonding covalent interac
tion of f3 electrons. Results for both cases 
are summarized in Table 1. 

5 - DISCUSSION 

For transition metal complexes (orbital 
contribution is quenched) the magnetic 
properties are directly related to the 
highest, partially occupied MO's (eg, tg) 
of mainly antibonding, 3d character. Elec
trons accumulated between the atoms can 
only implicitly be accounted for by decom
posing the density onto atomic centers. To 
some extent the overlap peaks can be 
projected to the one-center terms yielding 
good multipole estimation of Mulliken 
charges, but a loss of significant figures 
in the refined populations may occur. The 
multipole expansion may not show the 
local features of MO density if bond peaks 
have an important contribution to the 
scattering, as in the case of spin density. 
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The LMO treatment of the paramagnetic 
bonds turned out to be essential in 
modelling the spin density. The spin res
idual map (Figure 2b) demonstrates how 
well LMO(A) fits the spin distribution, but 
this model does not properly account for 
the 0-Fe charge transfer, due to bonding 
MO's (Figure 2a). By extending the two 
center formalism to the bonding counter
parts in LMO(B), a more satisfactory 
fit of charge density can be achieved 
(Figure 3a). This model can have special 
importance in representing the effect of 
spin polarization by the decoupled refine
ment of screening constants of radial func
tions for different spin densities ('/.a, X p)· 
The higher Fe-0 spin transfer, demon
strated by the peak around the 1.ron on the 
spin residual map (Figure 3b), is caused 
by the increased µ/3, with respect to µ,ª 

due to the different radial dependence 
(X. a> X.8 ). 

Support of this work by the National 
Science Foundation is gratefully acknow
ledged. 
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ELECTRON DEFORMATION DENSITY OF SACCHARIN DERIV ATIVES 

J. BuscHMANN, R. RunERT, P. LuGER 
(Institut für K ri s tallographie, Freie U niversitãt B erlin) 

G. TRUMMLITZ 

(Dr. K . Thomae GmbH, Biberach, F ed. Rep. Germany) 

ln the field of artificial sweeteners 
new non-nutritious compounds are sought 
which are superior to the present ones 
with respect to at least one property like 
strength and character of taste, stability 
against higher temperature or solubility 
in water. To get to the reasons why 
sweeteners have specific tastes we are 
doing stnicture and electron density 
investigations on sweet and bitter tasting 
saccharin derivatives. 

Shallenberger and Acree (1967) [l] 
found that many sweet tasting compounds 
have two electronegative atoms with a 
distance of about 3 A between them with 

ê'. 
' 
ºº' 

ºº' 

001 

' - OK 

' :u. ,., 
~•· c1 

5- MO, 

0,11u1 Ó u11 cr 
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one of them having a covalently bonded 
hydrogen atom, and Kier (1972) [2] added 
as another characteristic a hydrophobic 
molecular part away from the two elec
tronegative atoms. Their AH-B-X criterion 
postulating two hydrogen bonds of oppo
site direction at that distance of about 3 A 
from each other between the sweet 
molecule and the taste receptor can stand 
some substantiation from the side of 
quantum chemistry. Therefore, CNDO / 2 
calculations were done by Trummlitz 
(1985) [3] on severa! saccharin derivatives 
which differ in taste and rendered a higher 
negative charge for the keto-oxygen atom 

Elect ron Oeto r"'atian densi t y ( 11:(L0) - 1(HO) - Foun er synthesis map) 

in the M>lecular plami. Contout: interval O . 1 etR3 

1.,, 1,. C h•~ li:• u n O anJ N 

~-11 .. - 1 .. 1111 .. - 1 .. 1 
a) 4 -llydroiy - 1, 2- benz isoth i azo 1 -J (211) -on 

l, l -dio• i0t. sodiu1n sa l t ( s ... eet taste) 

bl 5 - Nit co - 1, 2 - benz i soth 1;no l - 3 ( 211) - 0 11 -

l , I - dio.>ddc sodium sa lt (bit te r tas tel 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 251-252, 1988 



252 J. B uscHMANN et ai. - Electron deformation density of saccharin derivatives 

of the sweet tasting compounds than for 
that of the bitter tasting compounds. The 
left diagram shows this result, the hori
zontal is the taste axis - going from sweet 
to bitter -, and the vertical axis gives the 
relative charge difference between the 
keto-oxygen atom and the ne?.rby nitrogen 
atom. On the right the cuts through the 
Fourier electron deformation density map 
in the molecular plane of one sweet and 
one bitter taste agent are shown. These 
maps are derived from X-ray data measured 
at 123 K. They look very different in the 
vicinity of the keto-oxygen atom. 

The authors thank Dr. David Gregson 
for the experimental help at the SILOE 

reactor of the C. E. N. G. (France) and 
Prof. H. Fuess for making his low tempera
ture single crystal diffractometer there 
available. This work has been funded by 
the German Federal Minister for Research 
and Technology (BMFT) under the contract 
number 03-LUlFUB-O, and by the Fonds 
der Chemischen Industrie. 

REFERENCES 

[l) SHALLENBERGER, R. S ., ACREE, T. E., Nature 
216 (1967), 480. 

[2) KIER, L. B., J. Pharm. Sei. 61 (1972), 1394. 

[3] TRUMMLITZ, G. (1985), unpublished results. 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 251-252, 1988 



DEFORMATION DENSITY STUDIES OF TETRAMETHYLTHIURAM 
DISULFIDE, (Me2NCS 2) 2 AND TETRAETHYLTHIURAM DISULFIDE, 

(Et2NCS2)2 

Yu WANG and J. H. LIAO 

Departmen t of Chemistry, National T ai wan Univcrs it y, T aiwan, R . O. C. 

ABSTRACT-Two thiouram disulfide compounds were studied by X-ray diffraction 
at low temperature. The room temperature structures were studied previously. [1) 
at low temperature. The room temperature structures were studied previously. [1] Tetra
methy lthiuram disulfide (1) , monoclinic, C2/ c; T = 138K, a = 9.524 (4), b = 9.911 (3) , 
e = 11.795 (1) A. 

1
8 = 99.22º (1 ), Z = 4, À(MoKa) = .71069 A. Final R = º.031 for 2881 

reflections. Tetraethylthiuram disulfide (2), monoclinic, P21/ c, T = 105K, a = 10.922 (3), 
b = 15.946 (4), e = 8.444 (1 ) A. f3 = 91.92º (1), À(MoKª) = .71069 A. Final R = .029 for 
5772 reflections . Both contain a disulfide bridge connecting two identical thiuram parts. 
Fig. 1 shows the geometry of tetraethy lthiuram disulfide. The sulfur-sulfur bonds with 
length 2.0041 (6), 2.0057 (6) A respectively, are essentia lly single bonds. The tetramethyl 
derivative undergoes a phase transition at 133K, the high temperature molecular 
structure has a C2 symmetry. There are C = S double bond and C - S single bond 
in both molecules. The accumulation of electron density along the C - N and C - S 
bonds in the experimental deformation density maps (see Fig. 2) are as expected. 
The tone pair feature around the sulfur atom is also observed (see Fig. 3) . The peculiar 
appearance along the sulfur-sulfur bond is comparable to recent work containing the 
sulfur-sulfur bond [2]. Some theoretical model density calculations [3] could be adopted 
to give a reasonable explanation. 

Fig. 1 - Molecular structures with selected bond lengths at both temperatures for 
compound 2. Top line distances are at low temperature (105K) ; bottom line are 

at room temperature. 
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Fig. 2 - Deformation density maps af N2-C6-S4 
of compound 2; solid line posit ive and dotted 
line zero and negative contours; contour inter-

val 0.1 eA-3• 

ln conclusion, the degree of the density 
accumulation at the midpoint of bonded 
atoms follows the order: shorter C - N > 
e - e > Ionger e - N, e = s > e - s > 
S - S. Similar arder was found in the other 
compound [4]. The features around sulfur 
nuclei indicate a substantial electron 
deficit at the center of sulfur atom and 
appear as residual density as expected for 
lone pair electron density. Similar effects 
were observed in other related com
pounds. [2, 5] 
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N-0 BONDING ELECTRON IN p-NITROBENZENE DERIVATIVES 

S. ÜHBA and Y. SAITO 

Department of Chemistry, Faculty of Scienr,e and Technology, Keio University, 
Hiyoshi-3, Kohoku-ku, Yokohama 223, Japan 

ln the X-X and X-N maps of p-nitro
pyridine N-oxide at 30 K, the N-0 
bonding electron was not significantly 
observed [l]. However, the bonding peak 
was detected in LiN02 . H20 at 120 K [2]. 
An ab initio MO calculation using MID14 * 
basis set (double-zeta + polarization func
tion) suggests that the deformation density 
is almost the sarne for HN02 and NO i - [3]. 
The unknown factor is the interaction 

between the nitro group and the aromatic 
ring. 

ln the present work, the deformation 
densities of p-dinitrobenzene (1) and 
p-nitro-benzoic acid (2) has been deter
mined at 120 K. 

(1) P21/ n , Z = 2, 2Bmax (Mo Ka) = 110°, 
R = 0.055 for 2045 unique reflections . 

(2) A2/ a, Z = 8, 2Bmax = 120°, R = 0.042 
for 3930 reflections. 

Fig. 1-Deformation density. Contour interval 0.1 eA-3
• a (.'.lp ) = 0.05 eA.-" . 
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X-X maps on the benzene rings are 
shown in Fig. 1. The deformation densities 
on the nitro planes are also given, because 
the dihedral angles between the nitro 
group and the benzene ring are (1) 10.2º 
and (2) 14.8°. The N-0 bonding peak as 
well as the lone-pair peaks of the terminal 
oxygen atoms are clearly observed. 
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THE EXPERIMENTAL ELECTRON DENSITY DISTRIBUTION OF 
DICHLORO-BIS(TRIPHENYLPHOSPHINE)NICKEL(II) 

LEE BRAMMER and EDWIN D. STEVENS 

Department of Chemis try 
Univers ity of New Orlea n s 

N ew Orleans . Louisiana 70148, U.S.A. 

ABSTRACT - The experimental electron density distribution of dichloro-bis 
(triphenylphosphine)nickel(II) has been studied using high-resolution single-crystal 
X-ray diffraction data . The molecule crystallizes in space group P2/ c, with Z = 2, 
requiring two-fold molecular symmetry about the central nickel atom. The ligands adopt 
a tetrahedral coordination geometry leading to a paramagnetic electronic structure. 

ln modelling the electron density distribution, multipole deformation functions 
were used together with conventional structural parameters. ln addition, third- and 
fourth-order cumulant anharmonic vibrational parameters were employed for the 
heavier atoms. Deformation density maps show features inconsistent with a simple 
tetrahedral crystal field model of metal-ligand bonding, leading to the suggestion that 
a degree of covalency may be present in these interactions. Supporting this assertion 
is the fact that the model gives a poor fit in the region around the nickel-chlorine 
vector leaving quite large residual features. However, an accumulation of electron 
density between ali truly covalently bonded atom pairs is observed as there are peaks 
in the phosphorus lone-pair region, consistent with the principally G-donor honding 
mode of phosphine ligands. 

INTRODUCTION 

lt has long been noted that dihalo
gen-bis(tertiaryphosphine) nickel(II) com
plexes may exist as diamagnetic square
-planar and/ or paramagnetic tetrahedral 
isomers. The balance is a fine one and 
results from steric and electronic prop
erties of the ligands as well as solvent 
and temperature effects [l, 2] . This balance 
is better documented crystallographically 
for the dibromo species, for which aliphatic 
phosphines are associated with square-plan
ar and aromatic phosphines with tetrahe-
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dral structures [l-7]. Work on dichloro 
compounds supports this assertion [8-10]. 
Indeed the use of phosphines intermediate 
between aliphatic and aromatic can lead to 
a very delicate structural balance; for exam
ple [NiBr2~ PPh2(CH2Ph) hJ forros both 
square-planar and tetrahedral isomers 
which even cocrystallize [l]. 

The approximate structure of dichloro
-bis(triphenylphosphine) nickel(II) and its 
paramagnetism were first established by 
Venanzi et al. (8, 11]. An accurate low
-temperature structure determination has 
resulted from the work described here (12]. 
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The metal has an approximately tetra
hedral coordination sphere in accord with 
the observed paramagnetic electronic 
structure. 

EXPERIMENTAL 

Data Collection. A dark blue-green 
crystal of [NiCl2(PPh3) 2] with dimensions 
0.4 7 X 0.33 X 0.38 mm, grown under a 
nitrogen atmosphere by slow evaporation 
from absolute ethanol solution, was used 
for data collection. Having determined the 
unü cell parameters by a least-squares fit 
to 25 reflections with 48° < 28 < 56°, a 
total of 25248 intensity measurements were 
made (excluding those of 6 standard reflec
tions which were remeasured every 2h to 
allow correction for any crystal decay or 
primary beam fluctuations). Data were 
collected at 94(1)K using an Enraf-Nonius 
CAD-4 diffractometer with a locally modi
fied low temperature <levice. A full sphere 
of data was collected in the range 
sine / .\ < 0.704 A-1 and a hemisphere in 
the range 0.74 < sin8 / À < 1.0 A-1

• The use 
of symmetry-equivalent data helps improve 
intensity statistics and reduce systematic 
errors in the data. Data were corrected 
for the effects of absorption based on 
indexed faces (max. and min. transmission 
coefficients 0.768 and 0.667, µ. = 9.29 cm-1 

for MoKa X-radiation). Averaging yielded 
13288 independent reflections of which 8741 
[F > 3a(F)] were used in subsequent 1 east
-squares refinements [R(int) = 0.040, 0.018 
for observed reflections]. 

Least-Squares Refinements. The quan
tity w(I F0 l/ k -1 Fc 1) 2 with w = l / [u2 (F~) + 
+ (0.005F0

2
)

2
] was minimized by full-ma-

trix least-squares refinement. The estimated 
standard deviation of each observation, 
u(F0

2
) was taken as the larger, of ª counting 

N 

and u symm. ' where U~ymm. = ~ (F~i -
1 

- < F~ > )2 / (N-1) for N measurements of 
symmetry-related reflections. Core valence 
and total atomic scattering factors for 
Ni, Cl, P, C and H were taken from ref. 13. 
Anomalous scattering factors taken from 
ref. 13 were also included in the calcula
tions for Ni, Cl, P and C. An isotropic 
secondary extinction parameter was also 
refined, though the effect of extinction is 
a minor one in this case. 

Based on structural parameters from a 
conventional spherical atom refinement 
[12], a multipole model was adopted in 
order to fit the aspherical features of the 
electron density, hence avoiding the bias 
in positional and vibrational parameters 
caused by these features in conventional 
refinements using X-ray diffraction data 
[14]. ln the model used here the electron 
density is represented by atom-centered 
multipole expansions. 

p (r) = ~ [ p <:.ore (r) + Pv Pvalence (Zr) + 
atoms 

4 l 
+ ~ R1 ( l .'r) ~ Pzm Y1,,, (r/ r)] 

l =o m =- l 

where Pcore and p valence are spherical Har
tree-Fock core and valence densities and 
the Y1,,, are real space spherical harmonic 
angular functions . The Slater-type radial 
functions R1 (r) are given by: 

where N is a normalization factor and n 
and ' are chosen for each l [15]. The 
Pv , P 1,,, , "/.. and Z' are refinable parameters. 
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Symmetry constraints in addition to the 
crystallographic molecular two-fold axis 
were imposed upon the multipole functions 
associated with the individual atoms, 
namely mm symmetry at the Ni, C and H 
sites and m symmetry at the Cl and P 
sites. Populations of multipoles up to arder 
four were refined for ali non-hydrogen 
atoms, with just a monopole and function 
used for the hydrogen atoms. The number 
of population parameters refined was also 
reduced by refining common parameters 
for atoms considered chemically equiva
lent. To accomodate possible deviations 
from harmonic vibrational motion, third
-order cumulant anharmonic vibrational 
parameters, Cijk [16], were also included 
in refinements for the Ni, Cl and P atoms. 
Fourth-order cumulants were added to the 
phosphorous atom upon observation of 
surrounding residual (i. e. unmodelled) 
electron density features compatible with 
such anharmonic motion. 

Electron Density Maps. The effect of 
chemical bonding in a molecule upon 
electron density distribution can be 
examined by ploting the deformation den
sity, .ó. p = p obslk - '2.p spherical a toms ' which 
is the difference between the total 
observed density and the density calculated 
from superposition of spherical, neutral 
atoms (often referred to as the 'promol
ecule'). These density maps suffer from 
errors in the structure factor phases and 
noise generated from errors in the experi
mental observations. However, having fit 
the observed density with a multipole mod
el, a model deformation density can be cal
culated, .ó.p model = p model - '2.p spherical atoms . 

Maps of the model deformation density 
do not suffer from the potentially high 
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noise levels of the observed maps and are 
consequently more easily interpreted. Such 
maps are presented here. The residual 
density, given by p D. residua l = p obs / .k -

- Pmodel should also be calculated to deter
mine how well the observed densit.v has 
been modelled by the multipole functions. 

RESULTS AND DISCUSSION 

Use of the multipole refinement model 
resulted in residual indices R = 0.029, 
wR = 0.032 and good.hess-of-fit, S = 1.266 
for the 8741 data [F > 3CT(F)]. This shows 
a substantial improvement in the fit to the 
electron density, over the conventional 
spherical atom refinement [R = 0.038, 

Fig. 1 -The molecular structure of [NiCl2(PPh3 ) 2], 

shown with 50 % probability ellipsoids for ali 
non-hydrogen atoms. 
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wR = 0.052, S = 1.28 for 8615 data]. Resi
dual features are also considerably reduced 
in magnitude. 

The molecular structure of dichloro-bis 
(triphenylphosphine) nickel(II) is depicted 
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deformation density along the interatomic 
vectors between all covalently bonded 
atoms. It is also apparent that peak heights 
decrease in both C-C and C-H bonds on 
moving from the ipso to the para end of 
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Fig. 2 - Model deformation density map, averaged over the three phenyl ring planes. 
Contour interval is 0.1 e./ A". Atoms other than P and the ring C, H atoms are out 

of the plane shown. Their projection into this plane is shown for reference . 

in Figure 1. The model deformation density 
averaged over the planes of the three 
separate phenyl rings is shown in Figure 2. 
ln agreement with many previous studies 
on smail molecules, peaks are seen in the 

the phenyl ring. This reflects the greater 
vibrational motion of atoms towards the 
extremities of the molecule causing 
increased smearing of the density features. 
The model deformation densities for (i) the 
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P-Ni-P plane, (ii) the Cl-Ni-Cl plane and 
(iii) the plane through Ni perpendicular to 
the molecular two-fold axis are presented 
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Around the nickel atom, it appears 
(from Figures 3 and 4) that a depletion of 
density occurs along the two-fold axis, i. e. 
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Fig. 3 - Model deformation density map of the P-Ni-P plane. Contours are as in 
Figure 2. Ipso carbon atoms out of this plane are shown as projections into the 

plane for reference. 

in Figures 3-5 respectively. Figure 3 indi
cates a build-up of density in the phos
phorus lone-pair region consistent with 
the principally CT-donor bonding mode of 
phosphine ligands. 
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the z-direction of the Ni local coordinate 
system. This suggests an unoccupied Ni 
3dz, orbital, an observation in contra
diction to a simple tetrahedral crystal field 
model of metal ligand interaction. Figure 5, 
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in the xy-plane of the Ni coordinate system, 
suggests that perhaps more electron den
sity lies in the d x, -v' than in the d xy 

a degree of covalency is involved in these 
interactions. ln support of this assertion is 
the fact that a diffuse positive feature 
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Fig. 4- Model deformation density map of the Cl-Ni-Cl plane. Contours are as in 
Figure 2. 

orbital of nickel, for which simple crystal 
field theory would provide an appropriate 
explanation. Hence, the implication is that 
crystal field theory is insufficient to 
rationalize metal-ligand bonding and that 

(peak > 0.5e/ N) between the Ni and Cl 
atoms appears in the residual map (Fig
ure 6) as it is poorly fit by the current 
multipole model. The appearance of this 
feature reflects a very contacted radial 
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parameter associated with the chlorine 
atam, this contraction resulting principally 
from the dominance asserted by the ma-

using techniques applied successfully by 
others, namely the inclusion of additional 
diffuse functions on the metal atam to 
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Fig. 5 - Model deformation density map of the plane through Ni perpendicular to 
the molecular two-fold axis. Contours are as in Figure 2. Projections of the Cl and P 

atam positions into the plane are shown for reference. 

jority of the Cl valence shell being com
posed of lone-pair electrons, which are 
closer to the nucleus than any involved in 
bonding. Current work is addressing the 
problem of modelling this residual feature 
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allow for population of 4s and 4p 
orbitals [17] and the inclusion in the model 
of a point scattering function to model the 
Ni-Cl two-centre term directly [18]. It is 
worth pointing out that the lack of such 
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an unmodelled density feature in the Ni-P 
bonding region in no way precludes 
substantial Ni-P covalent bonding, but 
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shell , leading to an expanded radial para
meter associated with the multipole func
tions. 
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Fig. 6 - Residual density map of the Cl-Ni-Cl plane. Contours are as in Figure 2. 

merely shows that the current model is 
sufficient to accomodate the deformations 
in the electron density in this region due 
to chemical bonding. Indeed this might be 
anticipated from the dominance of bond
ing electrons in the phosphorus valence 

CONCLUSIONS 

The observed electron density distri
bution of dichloro-bis(triphenylphosphine) 
nickel(II) has been well modelled using 
atom-centered multipole functions , except 
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for a diffuse region of positive density 
between the nickel and chlorine atoms. 
This residual feature may indicate a degree 
of covalency in the Ni-Cl interaction, not 
accomodated due to some inflexibility in 
the model used. The apparent source of 
this inflexibility and current work to 
circumvent this problem have been noted. 
Electron density deformation maps show 
an accumulation of density between all 
truly covalently bonded atom pairs and a 
build-up of density in the phosphorus 
lone-pair region, consistent with the well
-known CT-donor nature of phosphine 
ligands. The failure of a simple crystal 
field splitting model to rationalize the 
deformation density around the nickel 
atom lends support to the assertion of 
covalency in the metal-ligand interactions. 
Intended further investigation of the elec
tronic structure of this compound will 
include determination of the Ni d-orbital 
populations from the experimental charge 
distribution. lt is also hoped to conduct a 
polarized neutron diffraction study of the 
paramagnetic spin density in order to 
more effectively examine the apparent 
metal-ligand bond covalency. 
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EXPERIMENTAL VS. AB INITIO THEORETICAL DEFORMATION DENSITY 
FOR (Z)-N-ACETYL-cx, ~-DIHYDROPHENYLALANINE-METHYLAMIDE 

AND (Z)-N-ACETYL-TRYPTOPHANE-METHYLAMIDE 
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EXPERIMENTAL 

A crystal of (Z)-N-acetyl-a, .B-dehydro
phenylalanine-methylamide (hereafer Acu) 
and crystals of (Z)-N-acetyl-tryptophane
-methylamide (hereafter AcTr) were obtain
ed from recrystallization in methanol by 
Boussard and Marraud (INPL Nancy, 
France). 

The data collections were made at 
103 -+- 5 K for both compounds on a CAD4 
diffractometer on which a glove box was 
built to prevent ice formation on the 

sample [l]. At least two hkl, hkl reflections 
were collected up to sinB/ À = 1 A-1 . After 
o completion of a least squares refinement 
against the low order data sino / Ã< 0.90 A-1 ) , 

high order reflections were calculated up 
to sinB/ À = 1.36 A-1 for Acu and up to 
sin8/ À = 1.15 A-1 for AcTr, and only those 
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with an esti!llated intensity 1 greater than 
5 rr (1) were measured. The full step-scan 
profile of each reflection was recorded. 
Experimental details are given in table 1. 
The data were processed with a new set 
of programs written by Blessing [2]. Cubic 
polynomials least squares fitted to the 
intensities of standard reflections showed 
a monotonous decline of about 6 % for 
Acu and of 1.2 % for AcTr. The instrumen
tal instability factor (Me Candlish et al., 
1975) was calculated to be P = 0.0071 for 
Acu and 0.019 for AcTr. Absorption correc
tions were not applied, symmetry equiva
lent (hkl and hkl) were then averaged and 
the interna! agreement is R(F2) = 1.5 %, 

* Author to whom correspondence should be 
addressed. 



268 MOHAMMED SouttAssou et ai. - Experimental vs. ab initio theoretical deformation density 

TABLE I - Experimental details 

Ac t:,, Ac Tr 

Formula C12N20 2H 14 C14N:i0 2H1 1 
Space group Cc; Z = 2 P21 2121 ; Z = 4 
Cell dimensions (103 K) 10.193(2) ; 15.115(2) ; 8.561(2) A 8.209(3) ; 11.016(2) ; 14.760(4) 

/3 = 121.13º(18) 
Crystal dimensions mm 0.46 X 0.32 X 0.30 0.32 X 0.30 X 0.28 
Absorption coefficient (MoKo:) 0.9 cm-1 0.8 cm- t 
8 - 8 ; sinO/,\ 1-75º ; 1.36 A-1 1-56º ; 1.17 A-1 

min max MAX 
± 800, ± 006, 556, 556, 556, 556 Standard reflections 555, 555, ± 600, 014, 213 

Scan type 1.35 + o.35 tg e oi/ 28 
Scan width w/28 1.35 + o.35 tg e 
Scan speed ºmin-1 0.5 < V< 3.5 0.5 < V< 3.5 
Measured reflections 
Unique reflections 

for Act:,, and 2.2 % for AcTr for the all 
data sets. Errors estimates rr (I) were 
calculated according to Blessing [2] . A va
riance analysis versus 1 and sino/,\ was 
then performed and the standard deviations 
were adjusted. 

STRUCTURE REFINEMENT AND 
THERMAL MOTION ANAL YSIS 

Table II gives a summary of some of 
the refinements made. Starting parameters 
for the conventionnal high order refinement 
were taken from Aubry ·et al. [3] for Ac.6.; 
for AcTr we solved the crystal struc
ture [11]. Spherical scattering factors for 
C, N, O were calculated from Clementi 
wave functions (Clementi, 1965). As the 
space group of both compounds is acentric, 
Hansen-Coppens [6] multipole refinements 
were made in order to obtain the phases 
of the structure factors with the best 
precision. A rigid bond test [7] and 
a T, L, S + n fit was applied to the 

14666 10567 
7423 4731 

thermal Uij parameters (table III) (True
blood, 1987 and references therein) . 

The dynamic deformation density maps 
shown were calculated from: 

6.p(r) 

- 2hr H · r e 

where F111 and <Pm are respectively the 
multipolar structure factor and phase. 
The Fourier series were calculated for 
sin8/ A < 0.9 A-1

; by using multipolar 
phases, the average bonding density in the 
phenyl r ing of Ac6. increased from 0.35 to 
0.56 e/ A3, and the internai standard 
deviation calculated on the six carbon
-carbon bonds decreased from 0.06 to 
0.02 e/ A3, confirming the necessity of a 
multipole refinement for acentric struc
tures. 
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TABLE II - Refinements 

Type of Ac1:::,. AcTr 

refinement R% Rw% G. O.F. R% Rw% G.O.F. 

H.O sin(j / ,\ > 0.9 A-1 7.9 5.3 0.85 sinOI,\ > 0.65 A-1 4.97 4.77 0.82 
I > O l > 3 o (1) 

Spherical sin(j / ,\ < 0.9 A-1 3.25 3.94 2.27 Ali data 5.29 6.35 2.03 
refinement I > O I > 3 a (I) 

Ali data sinO/ ,\ < l.3ô A-1 3.54 2.04 0.85 sinO/ ,\ < 1.17 A- 1 2.91 2.46 0.84 
multipole I > O I > 3a 
refinement 

TABLE III-TLS + Q Calculations 

Ac!:::,. AcTr 

Ln T11 2.15 O.ll4 2.15 0.138 

L~2 T z2 1.73 0.105 1.59 Q.ll5 

L33 Taa 1.15 0.089 0.45 0.107 

... 

n, = 4.44 C1,C2,0 , about C" - Ni Ü 1 = 5.99 c"c2,01 about Ca -N1 
n2 = 3.46 0 ",N2,C 1" about c1 -e" Ü 2 = 4.69 C5,02,N2 about Ca - C4 
n3 = 1.70 phenyl about c .• -c., Ü 3 = 1.70 Indole about. C3 - Cn 
D, = 1.46 phenyl a.bout .l C3 -C.1 -C3 

through e, 

G.O.F. 2.26 2.97 
Number of observations 96 114 
Number of parameter (m) 44 38 

R = ~ IJ IJ ( ~ (!::.,U .. /a (U .. )) 2 )1/2 4 % (Rw = 15 % for m = 20) 14 % (Rw = 21 % for m = 20) 

w ~ (Ui/ a (Uij )) 2 I 

AB INITIO CALCULATIONS 

Ab initio-MO Self-Consistent-Field (SCF) 
calculations (Roothaan, 1951) were carried 
out on both Ac1:::,. and AcTr using basis 
sets composed of 9 s-type and 5 p-type 
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Gaussian functions for first-row atoms and 
4 s-type functions for hydrogen [8]. These 
basis sets were contracted to split-valence, 
that is (3s, 2p) for first-row atoms and 
(2s) for hydrogen. The total energies 
associated with the SCF wave functions 
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were computed to be - 720.4675h. for Acõ. 
and - 852.2807h. for AcTr. The wave 
function of the promolecule was computed 
as the orthonormalized superposition of 
atomic wave functions obtained with the 
sarne basis sets, and at the sarne level of 
c.alculation. For each system, the deforma
tion density distribution was obtained in 
the planes of interest by subtracting the 
electron densities obtained from both com
puted wave functions: 

tl.p(x, y, z) = PMOL (x, y, z) - PPROMOL (x, y, z) 

All quantum chemical calculations were 
carried out using the ASTERIX program 
system vectorized for CRAY-2 computers 
(R. Ernenwein et ai. [12), Rohmer 
et al. [13)). 

RESULTS AND DISCUSSION 

Fig. 1 displays the ORTEP drawing of 
Acõ. (a) and AcTr (b), and fig. 2 compares 
the dynamical bonding densities of the two 
peptide groups of Acõ. (2a, 2b) and AcTr 
(2c, 2d). Bonding densities and oxygen 
lone pairs are clearly resolved for both 
compounds. The theoretical densities are 
displayed in fig. 3 for the sarne planes of 
Acõ. (3a, 3b) and AcTr (3c, 3d). Note that 
the respective orientations of the peptide 
groups are different in fig. 2 (e, d) and in 
fig. 3 (e, d). The depopulation region that 
appears on ali theoretical maps along the 
C-0 bond in the vicinity of the oxygen 
atom may be related to an artefact pro
duced by medium-size basis sets and 
documented by Smith [10) for the isolated 
CO molecule. However, the subsequent 
displacement of the CO bonding density 
towards the carbon atom of the peptide 

groups is also observed in the experimental 
maps. Except for the lone pairs, the 
computed density peaks are quantitatively 
dose to the observed ones, and generally 
underestimated by 10 to 20 %. ln AcTr, 

C(10l 

0(1) 

C(13l 

0(2) 

Fig. 1 - ORTEP drawing of Acf;. (a) and AcTr (b). 
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the deformation density observed in both 
peptide groups is the sarne for each type 
of bond (C = O, C - N, lone pairs) and the 

' ' ' 
~~:' \ 
ll' \ \ 1 

' ... -=-_!.~1 
, , 

lA 

(a) 

!A 
!-----< 

1 

'-
,_ -

(e) 

maximum of the density is in the middle 
of the bond (Fig. 2c, d) . The two peptide 
groups appear more differenciated in Act.: 

,,.- --...., 

' \ 

' 1 

, ' 
' 1 
1 

" 

I 
I 

!A 

- -- - ~e 

(b) 

!A 
>-----< 

(d) 

, 
1 

'-

Fig. 2- Model dynamical deformation densit ies in the planes containing the peptide groups (contour 
interval 0.05 e/ A-3 ; no zero contour drawn) solid lines for positive contours; dotted lines for negative 

contours; 2a and 2b are for Act;, 2c and 2d for AcTr. 
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Fig. 3 - Sections of the theoretical deformation density (from ab-initio-SCF calculations) by the planes 
containing the peptide groups of Ac~ (a, b) and those of AcTr (e, d). Contour interval: 0.05 e/ A~ . Solid 

lines for zero and positive contours; dotted lines for negative contours . 
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the bonding density in C11 = 0 2 (0.6 e/ A3
) 

is larger than in C2 = 0 1 (0.50 e/ A3) and the 
maximum of the bonding density of c~-N1 

is shifted towards the N1 atom. lt seems 
natural to attribute this small differen-

ciation to the influence of the eª = c13 

double bond (in AcTr, Cª - c f3 is a single 
bond, so that no intramolecular factor is 
expected to differenciate the two peptide 
groups). However, the theoretical maps do 
not agree with this rationalization: both 
the height and the shape of the density 
peaks are similar for the two peptide 
groups of Actl as for those of AcTr (Fig. 3) . 
An influence of intermolecular factors 
(hydrogen bonds) should therefore be 
considered to explain the slight difference 
observed for the electron density pattern 
of the two peptide groups of Ac1:::,.. Further 
theoretical work accounting for the influ
ence of intermolecular interactions is being 
carried out. 

Quantum chemical calculations have 
been carried out on the CRA Y-2 computer 
of the CCVR (Palaiseau, France) through 
a grant of computer time from the Conseil 
Scientifique du Centre de Calcul Vectoriel 
de la Recherche. 
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TRYING TO GET INFORMATION ABOUT THE Pd-Pd BOND 

JEAN-PAUL MANGEOT, CLAUDE LECOMTE *, YVES DUSAUSOY 
Laboratoire de Cr istal!ographie, UA CNRS N° 809, University of Nancy I , B. P . 239, 51506 

Vando'euvre Cédex, France 

EXPERIMENTAL 

Crystals of Pd2Cr2CP2(JLs(CO) 2p.2(CO) 4 

(PEt3 ) 2) were obtained by Bender and 
Braunstein (Laboratoire de Chimie de 
Coordination, Université Louis Pasteur, 
Strasbourg, France). 

The data collection was made at 
103 -1- 5 K on a CAD4 diffractometer on 
which a glove box was built to prevent ice 
formation on the sample [l]. After comple
tion of a least squares refinement against 
the low order data (sinB/À < 0.80 A-1

) , 

high order reflections were calculated up 
to sinB/À = 1.35 A-1

, and only those with 

an estimated intensity I greater than 4 u(I) 
were measured. The iull step-scan profile 
of each reflection was recorded. Experi
mental details are given in table 1. The data 
were processed with a new set of programs 
written by Blessing [2]. Cubic polynomials 
least squares fitted to the intensities of 
standard reflections did not show any 
decline about the standard. The instru
mental instability factor [3] was calculated 
to be P = 0.0157; absorption corrections 

* Author to whom correspondance should 
be addressed. 

T ABLE I - Experimental details 

Crystal sin / ÀMIN , 
Measured 

Formula reflections 
Space group Cell dimensions dimensions (mm) sin(J/ ÀMAX Scan type 

Unique 
z (100 K) Absorption Standard Scan width 

refl ections coefficient (mm-1) reflections 
I > 4 a (I) 

C2sH40Cr 20 GP 2Pd2 a = 10.706(2) A 0.12 X 0.13 X 0.23 0 - 1.35 A-1 w- 20 24181 

b = 9.375(3) A 

P21/ c e = 17.370(6) A 1.9 5 1 + 0.35 t g(J 9138 

/3 = 115º38(2) 

Z = 2 V = 1575.14 A 3 

' 
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were made by the gaussian method [4] 
with ABSCOR [5]; symmetry equivalent 
reflections were then averaged anel the 
internai agreement was R(F2) = 2.3 %, for 
the ai! data set (24181 measured reflec
tions, 9138 unique). Error estimates a(I) 
were calculated according to [2] . A vari
ance analysis versus I and sine / ,\ was 
then performed and the standard deviations 
were adjusted. 

MULTIPOLAR REFINEMENT 

Table II gives a summary of some of 
the refinements made. Starting parameters 
for the conventionnal high order refine
ment were taken from [6). Spherical 
scattering factors for Pd, Cr, P, C, O 
were calculated from Clementi wave 
functions [7] Hansen-Coppens multipole 
refinements [8] -including GRAM-CHAR
LIER expansion for the HO data were 
made. Symmetry constants were applied 

to the chemical equivalent atoms (O, - 0 3; 
C1 - Cs ; C, - C5 to Cs ; C9 - Cn - Cl3 ; 
C10 - C,_2 - C11 ; H1 - H" to H5 ; Hr. - Hr 
to H~o) . 

The dynamic deformation density maps 
shown were calculated from 

The Fourier series were calculated for 
ai! the reflections with sine / ,\ < 0.8 A-1 

(I > 4a(I)). At the end of the multipolar 
refinement, residual maps were calculated 
and the maximum density peak is 0.25 e/ A-~ 

close to the Pd atoms. 

RESULTS AND DISCUSSION 

Figure 1 is the ORTEP drawing of the 
molecule (room temperature data from [6]) . 

TABLE II - Multipole Hansen-Coppens refinement with anharmonic GRAM-CHARLIER expansion 

k G. O. F. R Rw Variables 

High Order 0.1355 0.90 0.0374 0.0419 k, X, y, Z, Uij 

sinO/ ,\ > 0.8 A-1 
Di jkl 

Low Order - 1.36 0.0254 0.0315 Hydrogen 

sinO/ ,\ < 0.8 A-1 parameters 

Low Order * - 0.93 0.0185 0.0216 Multipole 

parameters 

Ali data * 0.1345 0.85 0.0233 
1 

0.0247 Ali variables 

* Local m symmetry imposed to the cyclopentadienyl ring's carbons. 
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All the deformation maps (not given here) 
show the usual bonding density for the 
organic part of the molecule. Figure 2 
shows the dynamic model density in the 

the carbonyls to the chromium atom and 
not to the palladium one. Figure 2b shows 
the bonding density of the /1-3 carbonyl 
group (C20 2). The C2 carbon lone pair 

Fig. 1 - ORTEP drawing of the molecule. 

C3CrC1 plane. Bonding densities and carbon 
lone pairs are clearly resolved. The carbon 
lone pairs are centered on the Cr - C bond 
at 0.5, 0.6 A from the carbon a toms. This 
observation is in favor of a cr-bonding of 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 275-281, 1988 

density is more diffuse extending on the 
cr and 11' regions towards the chromium and 
palladium atoms. This effect was observed 
before on both experimental and theoretical 
maps of [11' CÕH3Fe (C0) 2]2 [9] , [10]. 
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Fig. 2a - Dynamic deformation density for the l-'- 2 carbony groups; the oxygen 
0 1 and 0 3 are respectively 0.28 and 0.39 A 'f rom the Cr C 1 C3 plane. Contours 

at 0.05 e/ A-3, 
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Figure 3 gives the deformation den
sity of the (PdC2) 2 plane. The Pd-Pd' 
distance is 2.5753(3) A compared to 
2.751 A in the bulk metal. However very 

due to contraction of the valence electron 
density associated with the bond formation . 
Inadequacy in the palladium form factor 
can also be invoked. 
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Fig. 3 - Experimental deformation density of the (Pd C) 2 plane. 

few density is observed in the Pd-Pd bond 

as usually found for metal-metal bonding 

(see for example [9]). The big accumulation 

region close the Pd atoms is still not 

explained. Further wor'k is in progress to 

attempt understanding this feature which 

appears as an artefact or which can be 
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llK CHARGE DENSITY STUDY OF A SHORT NON-BONDED 
S ... O CONTACT IN 2,5-DIAZA-l,6-DIOXA-6a-THIAPENTALENE 

P. BECKER 

Lab. Cris tallographi e, CNRS. BP 166, 38042 Grenoble, France 

B. FABIUS, F. K. LARSEN 

D ept. Chernis try , Aa rhus Univ., DK-8000 Aa r hus C, Denrnark 

e. CoHEN-AooAo 

L a b . Spectrornét r ie Phys ique, Un iv. Gren oble, BP 87, 38402 St Ma rtin d 'H êres, France 

M. s. LEHMANN 

Ins titut L au e-La ngevin, BP 156, 38042 Gren oble, France 

Many compounds containing the 
X-S ... O configuration (X = O, C) exhibit 
very short S .. . O distances . ln arder to 
understand the molecular stabilization in 
these compounds, we have underta.ken an 
investigation of the charge density by 
X-ray diffraction measurements at 11 K in 
2,5-diaza-l ,6-dioxa-6a-thiapentalene (S . . . O 
distance of 1.84 A). 

The charge density distribution in the 
molecule was not clearly understood from 
previous 122 K X-ray and neutron measure
ments (l] (2] . ln the present study, results 
obtained with 11 K X-ray diffraction 
measurements and aspherical atom refine
ment using the program MOLL Y (3) are 
presented. 

The static deformation model maps are 
in good agreement with the theoretical 
maps obtained from a previous Jocal
-density-functional calculation. The electric 
dipole moment calculated from multipole 
parameters, a (11 K) = 2.0D is in good 
agreement with the value known from a 
microwave study, a = 2.88 (2) D (4). 
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The mechanism proposed to interpret 
the X-S ... O interaction depends on the 
electronegativity of X and involves a 
a-type coupling between oxygen and sul
phur p and a stabilization of the molecule 
through sulfur d orbitals. The experimental 
charge distribution obtained at 11 K sup
ports this theory and leads to the rejection 
of the previous controversial deduction 
that oxygen is in a special state with little 
hybridization. A reinvestigation of the 
previous 122 K X-ray data using also the 
MOLLY program is qualitatively consistent 
with the results. 
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ELECTRON DENSITY DISTRIBUTION IN TERBIUM TRIS 
(TRIFLUOROMETHANESULPHONATE) NONAHYDRATE CRYSTALS 

A. CHATTERJEE (*) 
Crystallograph y Centre , The University of W estern Australia, 

N edlands, Australia 6009 

ABSTRACT - The electron density distribution in the crystalline title compound 

(space group P63/ m, a = 13.641 ( 4), e = 7.546(2) A, Z = 2) has been investigated at 
room temperature from single crystal X-ray diffraction data. Evidence for trigonally 

deformed distribution of 4f electrons around the terbium atom was observed in the 

final difference Fourier synthesis. The deformation densities exhibit antisymmetric 

component with excess electron density near the terbium atom, which may b1~ 

interpreted in terms of 4f-5d orbital overlapping. The residual densities were a lso 

observed to be dependent on the orientation of the water oxygen atoms. 

(*) Present Address: Department of Physics, University of Rajshahi, Rajshahi 
6205, BANGLADESH. 
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ELECTRON DENSITY DISTRIBUTION IN SPINEL-LIKE CdCr2Se4 

TSIREL'SON, V. G., BOROVSKAJA, T. N., ÜZEROV, R. P. 
Mendeleev Institute of Chemical T echnology Miussk a ja Sq . 9, 

Moscow 125820, U.S.S.R. 

BUTMAN, L. A. 
Ins ti tu t e of Gen eral a nd Inorga nic Chemistry L enins ky P. 31, 

Moscow 117071. U. S.S.R. 

Semiconductor and ferrimagnetic spinel
-like CdCr2Se, has been investigated by 
X-ray diffraction precision experiments 
(Sintex P21 diffractometer, Mo-Ka radi
ation, spherical sample diameter 0.13 mm, 
4487 reflections in two Ewald sphere 
octants, sine/A < 1.054 A- 1). Corrections 
for absorption, anomalous scattering, TDS 
and Becker-Coppens extinction have been 
applied. High angle refinements converged 
to R = 0,013, Rw = 0,0135, S = 1,053. 

The deformation electron density dis
tribution has been calculated in the usual 
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way. The peculiarities have been analysed 
in terms of electron orbitais population. 
For example, the preferred occupa.tion of 
eg and a1g orbitais has been found in era+ 
ion in trigonal distorted octahedron leading 
to uncoupled electron spins in this ion. 
There are no covalent peaks on the Se-Cr 
bond line. But the peak 0.2eA-'1 has been 
found 1.1 A away from the Cr3+ ion near 
the octahedron face. This has been attri
buted to the preferred occupation of dxy, xz 
and dyz orbitais with the group 7r ligand 
orbital. 





CHARGE DENSITY STUDIES IN TWO HEXAGONAL LAVES PHASES 

M. J. M. DE ALMEIDA, M. M. R. COSTA, J. A. PAIXÃO 
Centro F Cl , INIC -· Departamento de Fisica, Univers idade de Coimbra 

3000 Coimbra, P ortugal 

Accurate measurements of X-ray inten
sities were made at room temperature on 
two single crystals A [l] and B of TiMn2 
(0.06 X 0.06 X 0.10 mm3 and 0.07 X 0.08 X 
X 0.08 mm3 , respectively) and one single 
crystal of TiFe 2 (0.08 X 0.06 X 0.05 mm3

) 

[2]. Both structures are hexagonal Laves 
phases (space group P6s/mmc). 

Reflection intensities inside an Ewald 
sphere of radius 1.25 A-1 were accurately 
measured with a CAD4 diffractometer, 
Mo-Ka radiation and a graphite monochro
mator in w-2 () scans. 

The usual geometrical corrections and 
an psi scan absorption correction were 
applied to the data. 

High-angle refinements (sino/ >.. > 0.6A-1
) 

of positional and thermal parameters and 
a scale factor were carried out from each 
data set. Anomalous dispersion corrections 
were included in the spherical atomic 
scattering factors. Extinction was empiri
cally corrected through a g parameter 
refined simultaneously with all data. 

The refinement results are shown on 
table 1. 

TABLE 1 

Cl 

Atom A 

z 0.06384(3) 

/311 = /3 "2 = /312 0.00543(3) 

/3ss 0.00142(1) 

Atom B1 

/311 = f3 22 = /312 0.00526(3) 

/3sa 0.00113(2) 

Atom Bn 

X 0.8280 1(2) 

/3ll 0.00498(3) 

/3 22 = f31 2 0.00435(4) 
f3 33 0.00131(1) 

s 0.4604(8) 
gxl05 0.643(15) 
R 1.3 % 
Rw 2.0 % 
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C2 

0.06389(5) 
0.00533(5) 
0.00159(2) 

0.00510(8) 
0.00128(4) 

0.82793(4) 
0.00483(6) 
0.00425(9) 
0.00148(2) 

0.5785(13) 
0.388(16) 

1.3 % 
1.7 % 

0.06393(4) 
0.00612(5) 
0.00192(2) 

0.00609(6) 
0.00142(3) 

0.82940(3) 
0.00507(4) 
0.00386(6) 
0.00182(2) 

0.5914(9) 
0.325(10) 

0.9% 
1.2 % 
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TABLE 2 

I 
a1 a 2 a 0'.3 ª • 

---

.30(14) .27(12) .43(13) .40(22) .49(17) 
Cl 

TiMn 2 

C2 .09(13) .46(11) .46(12) .65(19) .20(16) 

TiFe2 .33(7) .29(6) .38(7) .37(12) .42(10) 

Difference density maps (with cor
responding errar maps) were drawn. Figu
res 1 and 2 show the maps obtained for 
sections (001) z = 1/ 4 and (100) z = 1/ 3 
for TiFe2 . The corresponding maps for 
both crystals of TiMn" show similar effects: 

a) a triangle of negative peaks cen
tered on the Fen (Mnu) trian
gle (fig. 1) and with smaller 
dimensions. 

b) a negative density between two 
next Ti atoms (fig. 2) . 

Fig. 1 - Fourier difference map, SF 
0 

- F e ; sec
tion [001] of the unit cell at z = 1/ 4. Contour 
levels at 0.1 e/ A 3• Broken lines represent negative 

contours. 
• Fen atoms * Ti atoms 

li a 0'.5 O'.G ª ' 

.11 (20) .25(3) .22(3) .16(3) 
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Fig. 2 - Fourier difference map, SF 
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leveis a t 0.1 e/ A'1• Broken lines represent negative 

contours. 
• Fen atoms * Ti atoms 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 289-291 , 1988 



M. J. M. DE ALMEIDA et ai. - Charge density studies in two hexagonal laves phases 291 

A refinement of 3d orbital populations 
was carried out. According to the site 

Site A 

symmetry there are 8 independent a values 
for the hexagonal Laves phases, namely: 

Site B1 Site Bu 
symmetry 3m symmetry 3m symmetry mm 

A1g dz, ll[ A1g dz' a 3 dz' a5 

d xz d xz dxy ª6 
E1g a2 E1g a 4 

d yz d yz dxz a7 

dx' -y' 
' 

dx' -Y' 
" 

dx' -y' a s 
E2g a E2g a 

dxy dxy d yz ,,, 
a 

, _ 
1 - (a1 + a2) a" = 1 - (a3 + a4) '" - 1 - (a5 + ª6 + ª1 + as) a - lt 

Table 2 shows the 3d orbital occupancy for the three crystals studied. 
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ELECTRON DENSITY OF A CUBIC LAVES PHASE, TiC02 

ANA MATOS BEJA, L. ALTE DA VEIGA, L. C. R. ANDRADE, 

M. M. R. COSTA, J. A. PAIXÃO 

Centro F Cl , I NI C - Departamen to de F lsica, Un ivers idade de Coimbra 
3000 Coimb ra. P ortugal 

The Laves phase TiC02 has a cubic 
structure of type MgCu2 [l], space group 
Fd3m (8 empirical formulas per unit cell) , 
Fig. 1. 

A single crystal of TiC02 (volume : 
0.10 X 0.12 ~< 0.15 mm 3

) has been studied 
by X-ray diffraction, using a CAD4 diffrac
tometer with a plane graphite mono-

e Ti 
oCo 

Fig. 1 - Unit cell of TiC02 , showing the tetrahedra 
formed by Co atoms. 

chromator and Mo(Ka) radiation; the unit 
cell parameters are: a = b = c = 6.7044(9) A, 
a = {3 = y = 89.99(2) º; all the atomic posi
tions are fixed by symmetry. 

The diffracted intensities of the whole 
sphere of reflection were measured in 
w- 28 scans, up to sin8/ À = l.19A-1

; the 
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total number of independent reflections 
with I > 311 was 114. 

The whole set of collected data (in
cluding weak reflections, total of 18528 
reflections) was corrected for Lorentz and 
polarization effects and for the variation 
in the intensity of standard reflections; 
an analytical absorption correction was 
applied to these data. 

The 114 independent «observed» reflec
tions resulting from averaging the cor
rected intensities were used to carry out 
least squares refinements; the thermal 
parameters were obtained from high-angle 
refinements (sin8/À > 0.65 A-1

) , together 
with the scale factor. 

An empirical extinction parameter, g, 
was refined afterwards (keeping all other 
parameters fixed) with all 114 independent 
reflections. 

The corresponding final R-factors 
(wheighted and unwheighted) are respec
tively Rw = 3.07 % and R = 2.79 %. 

Difference density maps and the cor
responding error maps were obtained; the 
difference maps show that there is a 
significant electron density (1.71 e/ A3) at 
the center of the tetrahedra defined by Co 
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atoms, as observed by Ohba et ai. for 
MgCu2 [2]. 

A subsequent refinement of the occupa
tion parameters of 3d orbitais has shown 
very small deviations from the spherically 
symmetrical distribution. 
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ELECTRON DENSITY OF FeFi 

M. J. M. DE ALMEIDA, M. M. R. COSTA and J . A. PAIXÃO 
Cen t ro F Cl, I N I C - D epar tamen to de F isica, Un ive rs ida de de Coimbra 

3000 Coimbra, P ortugal 

The electron density distribution of 
FeF2 (rutile type structure, a = b = 4.7000 A, 
c = 3.3100 A) has been derived at room 
temperature from accurate X-ray dif
fraction measurements (CAD4 diffracto
meter, Mo-Ka radiation, graphite mono
chromator, º' - 20 scans, ali octants of 
Ewald sphere out to sinO/ A = 1.1 A- 1

) 

carried out on two single crystals A and B 
(with approximate dimensions 0.10 X 0.11 X 
X 0.12 mm3 and 0.07 X 0.08 X O.ll mm\ re
spectively) . 

Corrections for Lorentz, polarization 
and absorption were applied to 2897 
reflections from crystal A and 3014 from 
crystal B, before averaging equivalent 
reflection intensities. 

Atomic and temperature parameters 
and a scale factor were refined from 
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high-angle data (sin(I / ,\ > 0.6 A-1
; 123 inde

pendent reflections from crystal A and 125 

from crystal B), against a spherical model 

with atomic scattering factors corrected 

for anomalous dispersion. An extinction 

parameter, g, was refined using the whole 
data set. 

Difference density maps and error maps 

were calculated. The significant features 
were interpreted in terms of 3d orbitals 

population [l]. 
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ELECTRON DENSITY OF NiF2 

M. M. R. COSTA, M. J . M. DE ALMEIDA, J. A. PAIXÃO and L. e. R. ANDRADE 
Centro FCl, INIC - D epartamento de Física , Univers ida d e d e Coimbra 

3000 Coimbra, Portuga l 

Precision X-ray diffraction measure
ments were carried out at roam tempera
ture on a single crystal of NiF2 (rutile type 
structure, a =--' b = 4.6499 A; e = 3.0833 A) 
with approximate dimensions 0.04 X 0.03 X 
X 0.08 mm3 (CAD4 diffractometer, Mo-Ka 
radiation, graphite monochromator, w - 20 
scans, ali octants of an Ewald sphere 
with radius 1.1 A-1

) . 

Lorentz, polarization and analytical 
absorption corrections were applied to 
2560 reflections. 

Data processing was carried out in two 
different ways (DPl and DP2) : 

DPl: Atomic and temperature parame
ters and a scale factor were refined from 
high-angle data (99 independent ref!ections 
with sin(J / À > 0.6 A-1) against a spherical 
model with atomic scattering factors 
(lnternational Tables for X-Ray Crystal
lography, vol. IV) corrected for anomalous 
dispersion. 
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An empirical extinction correction was 
applied to the data based on an extinction 
parameter, g, refined with the whole 
data set. 

Difference density maps and errar maps 
were obtained; the results were interpreted 
in terms of refined occupation parameters 
of 3d orbitais [1]. 

DP2: A multipole refinement of ali 
parameters including the symmetry allowed 
multipole populations was made using the 
program MOLLY [2] and 1543 reflections 
with 1 > 3u corrected for isotropic, type 1, 
Gaussian extinction. 
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DISTRIBUTION OF THE ELECTRON DENSITY IN THE Al5 PHASE Cr3Si 
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Centro FCl, INIC - Departamento de Flsica, Univers idade de Coimbra 

3000 Coimbra, P ortuga l 

One of the most interesting structural 
features of Al5 phases is the existence of 
linear atomic chains in three orthogonal 
directions; the interatomic distances along 
these chains are shorter than those 
predicted by metallic radii criteria. Among 
the Al5 phases (cubic, space group Pm3n), 
Cr3Si is one of those in which the contrac
tion of these distances is more impor
tant [l] ; the unit cell has 8 atoms with 
symmetry fixed positional parameters . 

Previous studies of Cr3Si at room tem
perature have been made by Stauden
mann [2]. 

Accurate measurements of X-ray single 
crystal diffraction data were undertaken. 
Six data sets were obtained, using four 
distinct crystals of the sarne sample and 
two different radiations (Ag-Ka and 
Mo-Ka), at room temperature (T ~ 291K) 
and, for one of the crystals, also at low 
temperature (T :::; l 70K) . For every crystal, 
data within an Ewald sphere with radius 
1.25 A-1 were collected with a CAD4 dif
fractometer, plane graphite monochroma
tor, in w - 20 scans. The measured cell 
parameters were in good agreement; reflec
tions with I :> 3(7 (about 4500) have been 
used to perform the analysis: the usual 
geometrical corrections, that accounting for 
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differences in intensities of standard 
reflections, and two different absorption 
corrections have been applied. After aver
aging, 145 independent reflections were 
used to perform least squares refinements; 
scale factors and thermal parameters 
were refined from high-order data 
(sinO/ A :> 0.6A-1

). An empirical extinc
tion parameter, g, has been refined with 
all independent reflections. 

Results obtained from different data 
sets were compared. 

Careful measurement of absolute scale 
factors confirmed the values obtained 
from high-order refinements. The final 
R-factors were 1.02 % < R < 1.88 % and 
1.40 % < Rw < 2.50 %. 

Difference density maps together with 
error maps were compared, and no signif
icant covalency along the linear atomic 
chains was found. 
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ATOMIC STRUCTURE, ELECTRON DENSITY 
AND NON-LINEAR OPTICAL PROPERTIES OF KTiOP04 (KTP) 

NIELS K. HANSEN, JEAN PROTAS and GÉRARD MARNIER 
Laboratoire de Mi néralogie-Cr lstallographie, UA-CNR S-809, U n iversité de N a ncy I, 

B. P . 239, F -54506 Van doeuvre-les-Nan cy CEDEX, F rance 

C11ystalline KTP shows strong 2°d order 
optical properties. They were discovered 
about 15 years ago [l]. ln the present 
study we have analyzed the electron 
density distribution with the aim of 
explaining these properties. 

The optical property in question is the 
response to an applied high frequency 
electric field, E (near infrared laser light 
in the present case) ; the induced polariza
tion, P, can be expressed as a Taylor series : 

P1 = X1j Ej + d1jk Ej Ek + 
+ ... (Einstein summation convention) 

We are interested in the coefficients 
d1.ik . They depend mainly on the polariza
bility of the valence electrons forming the 
bonds, so, to a good approximation, we 
can write: 

d1jk (cristal) = L fü jkb db/V 
b 

where the summation extends over the 
bonds within one unit cell of volume V; 
db is a longitudinal 2°d arder polarizability 
parallel to the bond axis (the other com-
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ponents may be taken equal to zero), and 
gijkb are geometrical factors depending 
solely on the orientation of the bond. For 
relatively simple compounds it has been 
observed that this type of model is 
appropriate for calculating the coefficients 
dijk with an accuracy of better than 20 % 
when using the «Bond Charge Model» 
proposed by Levir.ie [2] . ln KTP the P - O 
and Ti - O bonds are the main contribu· 
tors. From other phosphate containing 
materiais we know that the P - O contri
bution is weak compared to the actual 
values of dijk for KTP. The titanium 
coordination octahedra are rather irregular 
with bond distances varying between 1.73 
and 2.15 Â . For Ti - O distances of about 
2 A, Zumsteg et ai. [l] have estimated a 
value of db which is far too low. lt is 
therefore tempting to assume that the 
short, multiple Ti - O bonds are responsible 
for the pronounced non linear properties 
of KTP [3] . 

The Bragg reflections for (sin8) / ,\ < 
0.9 A-1 have been measured at room 
temperature with Ag-Ka radiation on a 
small, spherical single crystal [4] of radius 
0.12 mm (more details to be given in [5]). 
It is noted that KTP crystallizes in the non 
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centrosymmetric spacegroup Pna21 • Its 
structure was first determined by Tordjman 
et al. [6]. We have determined the phases 
of the complex structure factors by a ieast
squares method fit of a multipole pseudo
-atom model (comput_er program MOLLY 
L 7]). The data are fitted within the limit 
of the experimental errors. Both Fourier 
and static model deformation density maps 
show excess electron densities in the P - O 
bonds and oxygen lone pair regions of the 
phosphate groups in good agreement with 
a theoretical calculation on phosphoric 
acid [8]. ln the Ti06 octahedra the most 
noticeable feature is a positive deformation 
density between the titanium and the 
tightly bound oxygen ion contrary to an 
earlier study [9]. We take our result as a 
confirmation of the importance of this 
bond for the optical properties . 

We must therefore discuss the pos
sibility of relating the ground state electron 
density of a crystal to its non linear 
dielectric properties. This problem has 
been considered by Flytzanis and Ducuing 
[10] for binary compounds with the 
zincblende structure. They employed a 
variation-perturbation approach: an opera
tor relating the unperturbed system ground 
state to the perturbed system ground 
state is introduced; the operator is deter
mined by minimization of a well defined 
energy functional depending on the opera
tor and the ground state wavefunction, 
within certain approximations, on the 
valence electron density. Thus there is 

every reason to believe that the polariza
bility is a unique functional of the electron 
density; but, at present, it is not clear to 
us whether this procedure is of any prac
tical use for crystals with as complex a 
structure as that of KTP. 
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ELECTRON CORRELATION EFFECTS IN THE lV{OMENTUM 
DISTRIBUTIONS OF TRANSITION MET ALS 

SHINYA WAKOH and MAKOTO MATSUMOTO 
Uni versity of Library a nd Information Science, 

T s uk uba 305, J apan 

ln the 1970' s band-theoretical calcula
tions of Compton profiles of vanadium and 
chromium were published by Wakoh 
et al. [l], Rath et al. [2] and Wa.koh 
et al. [3] and they were compared with 
the available experimental Compton pro
files. Recent experimental multiple scat
tering profiles of vanadium by Rollason 
et ai. [4] and chromium by Cardwell [5], 
and Cardwell et ai. [6] have been processed 
by the Monte Cario method by Folsteiner 
et al. [7], and therefore their single scat
tering profiles are very much reliable. 
The differences between the experiments 
and the theories, which were estimated by 
the band-theoretical one-electron approxi
mation show a significant feature: around 
the origin of the momentum axis the 
theory is greater than the experiment, and 
at the higher momentum region the 
opposite relation occurs. The general 
feature has been ascribed to the electron
-electron correlation effect which was not 
taken into account in the one-electron 
band scheme. So far the effect has been 
estimated by the Lam-Platzman [8] cor
rection. Very roughly speaking the correc
tion moves some amount of momentum 
density from the lower .momentum rcgion 
to the higher. This is an inherited character 
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from the Migdal [9] function of the cor
related occupation number in a correlated 
electron-gas system. 

The difference curves (experiment
-theory) are shown by dotted curves in 
figure 1 for vanadium. Although the 
effective one-electron potentials (modified 
Xa·potentials) used by the APW band 
calculations incluc)e some correlation 
effects like the LSD approximation by 
Gunnarsson et al. [10], the APW band 
theoretical Compton profiles do not include 
any dynamical correlation effects. There
fore, the difference between experimerit 
and theory should be due to the correlation 
effect and the dotted lines in figure 1 may 
be called experimental correlation profiles. 

ln order to explain the . experimental 
correlation profiles, the Lam-Platzman 
correction has been used by Bauer et ai. 
[11] . The correction is only spherically 
symmetrical. ln the case of vanadium and 
chromium,. therefore, realistic band struc
tures should be used to estimate the cor
relation effects . Although · the· electron 
systems of transition metais are_ not those 
of the free electron-gqs system, the Migdal 
function n(p) is used to estimate the 

. correlation effect of vanadium and chro
mium. In this case, n(p) (function of 
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momentum) should be transformed to n(E) 
(function of energy) . A theoretical correla
tion profile is defined as follows: 

J(q, E) is a partia! Compton profile con
tributed by the states whose energy is 
between E - AE/ 2 and E + AE/ 2. ln 
figure 2, J(q, E)'s for vanadium along 
< 100> scattering axis are shown. ln this 
figure the right side axis refers to the 
momentum q µi an atomic unit and the 
left side axis to the energy in an arbitrary 
unit; the r 1 energy is at 1 and the Fermi 
energy Er is at 22. The energy width AE 
is 0.024 Ry. The density-of-states curve 

Er 

J corr (q) = - L (1 - n(E)) X J(q, E) AE + 
E = r

1 

00 (1) 

+ L n(E) X J(p, E) AE. 
E = E f 

Here, n(E) is a Migdal function and 

0.10 

0.00 

- 0 .10 
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Fig. 1 - Theoretical and experimental correlation profiles along < 100 >, < 110 > 
and < 111 > directions for vanadium. The experimental curves (dotted lines) are 
the difference between the experimental Compton profiles by Rollason et al. [ 4] 
and the theoretical ones obained by the one-electron band theoretical calculation. 
The theoretical curves (solid lines) are only the correlation correction parts of the 
Compton profiles which are estimated using the Migdal function corresponding to 
the Wigner radius r

5 
about 3, and real band theoretical energy dependent partia! 

Compton profiles Jk (q, E) for each scattering direction. For the experimental values 

only the high-energy side of the original experimental profiles are used. 
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N(E) is shown in figure 3. ln these figures 
the states with energies from 13 to 33 are 
predominantly due to d-electrons . On the 
bottom of the figure 3, the Migdal function 
corresponding to the interelectron spacing 
r5 whose value is about 3, is also shown. 
The function for vanadium is as follows: 

n(E) = 

_ ~ 0.05 + 0 091 (E/ Er) for E < Er 
- l 0.141 X (Eb ·- E) 2/ (Eb - Er) 2 for E > Er 

(2) 

Energies are referred to the bottom of the 
band (r1) . The lower energy part of the 
function n(E) and the upper one have been 
adjusted by the following normalisation 
condition: 

E r 

l N(E) X (1 - n(E)) LiE = 
E = r

1 

Eb (3) 

= l N(E) >< n(E) LiE 
E = E f 

E 

where Eb is decided to be at 60. As equa
tion (2) has not been determined by a first 

principie theory, it 1s not so rigorous but 

only empirical. The theoretical corre!ation 

profiles are obtained by equation (1) using 
the Migdal function and J ( q, E) . Thev are 

shown by sdlid lines in figure 1. 

The values of the total Comption pro

files of vanadium and chromium are about 

5 at the origin (q = O), and those of the 
correlation effect are about 0.1. It can be 

said that the agreement between the 
theoretical correlation curve and the 
experimental one is very good. Although 
the theoretical correlation lines are almost 
zero at the higher momentum regions, the 
experimental lines are not. This fact may 
be due to a problem of the processing of 
experimental data. When the values of the 
experimental correlation curves at the 
higher momentum region become zero, the 
values around the origin may also be 
reduced a little, because the positive area 

q 

Fig. 2 - Partia! Compton profiles Jk (q, Ei) along < 100 > scattering direction for 
vanadium convoluted with a Gaussian of FWHM 0.4 a. u. The units on the right side 
axis q are atomic units and on the left side axis the energy E is represented 

(see the text) . The r 1 energy is around 1 and the Fermi energy is at 22. 
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and the negative area of the lines should 
always cancel out. If it is true, the value 

20 

10 

_rrlífílif 
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n(E) l. 0 
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d-bands, are predominantly due to the 
Migdal function n(E) for the d-bands. 
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Fig. 3 - Density-of-states curve N(E) (on the top) and Migdal function n(E) 
(on the bottom) for vanadium. The r

8 
value of the Migdal function is about 3. 

of ~s for the Migdal function may be a 
little smaller than 3 which was used for · 
figures 1 and 3. 

It may be concluded that the correl<l;
tion effects on .the Compton profiles of 
vanadium and chromium, whose Fermi 
leveis are located at the middle of the 

Thanks are due to Dr. M. J . Cooper 
and his Compton group at University of 
Warwick. 
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HIGH RESOLUTION COMPTON PROFILE MEASUREMENTS 
USING 29.5 keV SYNCHROTRON RADIATION 
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ABSTRACT - A high resolution Compton spectrometer using 29.5 keV X-rays 
from synchrotron radiation has been constructed at the Photon Factory in Tsukuba, 
Japan. The overall momentum resolution is 0.084 a. u .. Comparison of the measured 
Compton profile of aluminum with the corresponding theoretical profile given by the 
APW calculation has suggested that the electron-electron interaction effects can be 
experimentally examined. 

1 - INTRODUCTION 

High resolution measurements of Comp
ton profile are essential to study the 
detailed structure in the electron momen
tum density. There have been some reports 
on the design ánd construction of a high 
resolution spec~rometer using synchrotron 
radiation [1-4)'. ln this paper we report 
further improvements on the resolution 
and detection efficiency for hard X-rays 
with use of a photo-stimulable phosphor 
(BaFBr:Eu2+) film [5-7). 

2 - EXPERIMENTAL 

The present Compton spectrometer is 
schematically illustrated in Fig. 1. White 
X-rays from a vertical wiggler are mono-
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chromatized by a Ge (220) bent crystal 
monochromator to produce 29.5 keV X-rays 
with the relative band width of 1.13 X 10-3 

at 29.19 keV and the monochromatized 
X-rays impinge upon the sample mounted 
in a vacuum chamber. The inelastically 
scattered X-rays from the sample are 
energy-analyzed in the transmission mode 
by a Cauchois-type crystal analyzer of 
Si (422) bent to a radius of 2100 mm. The 
scattering angle is 160°. A photo-stimulable 
phosphor (BaFBr:Eu2+) film [5-7), the so 
called Imaging Plate, is used as a detector 
instead of the position sensitive propor
tional counter (PSPC). The Imaging Plate 
has a large active area (100 X 100) mm2 

anda dynamic range of 1:105. The position 
resolution is 100 µ.m . When X-rays hit the 
film, the X-ray image is temporarily stored 
on the phosphor film as a distribution of 
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quasistable calor centers without any 
substantial fading for several days. The 
stored image is read out by a scanning 
He-Ne laser beam which releases ohoto-

Sam pie Curved 
Crystal Analyzer 

Si(422) 

are two dimensional in this case, integra
tion along constant-energy lines was done 
to obtain the Compton profile. Table 1 
shows a comparison of the counting rate 

Bent Crystal Monochromator 
Ge 220 

PSPC , Xe + 10°1oCH4 ( 10Kglcm2) 

l irnaging Plate 

Fig. 1 - The setup of the present Compton spectrometer (top view). 

-qtimulated luminescence from these calor 
centers. The luminescence is converted 
with a A/ D converter into a .time series 
of' digit.al; ·· signals~ One digital signal i_s 
pro'portional to the number of colar centers 
in an area of 0.1 X 0.1 mm2 on the Imaging 
Plate, thus proportional to the number of
events in that area. 

3 -'- RESULTS AND DISCUSSION 

The Compton profiles of aluminum and 
silicon singe -. crystals ''o/ere measure,d by 
this spectrometer. Since the stored data 

T ABLE 1 - A· comparison of counting rates 
between the position sensitive proportional counter. 
(PSPC) and the Imaging . Plate (IP). The PSPC 
is filled with a high pressure gas (Xe + 10 % CH4 ; 

10 kg/ cm2) and has a volume of 110 X 10 X 10 mm". 
The dimension of the present IP is 100 mm X 
X 100 mm X 150 !' m. The beam size on the sample 

is 8 X 10 mm2. 

Sam pie Size PSPC IP 
(cps) (cps) 

---

AI 12 ~X 1.8 mm . . 28 220 

Si 20 X 20 X 1.5 mm" 30 230 
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of Compton events between the Imaging 
Plate and the PSPC with a volume of 
110 X 10 X 10 mm3 filled with Xe + 10 % 
CH , gas at pressures of 10 kg/cm~ in the 
measurements on AI and Si single crystals. 
It is found that the utilization of the 
Imaging Plate produces approximately 8 
times higher counting rates than the PSPC. 
This comes from the wider active area of 
the Imaging Plate. The overall momentum 
resolution was determined to be 0.084 a. u. 
from the full width at half maximum of 
the elastically scattered X-ray peak at 
29.5 keV. 

4 
~-~ ... _ 

,, 

~3 
Q.N 
...... ..... 

2 

o ~~~~~~~~~~~~~~~--' 

o 2 3 

P, ( a. u. ) 

Fig. 2 - The Compton profile of AI along the [111) 
direction together with the APW band theore tica l 

ealculation by Kubo et ai. [8) . 

Figure 2 shows the final Compton pro
file J (Pz) of AI measured along the (111] 
direction . The solid line represents the 
corresponding theoretical profile by the 
APW method [8]. Both curves are nor
malized to the sarne area so as to give the 
number of total electrons in aluminum. It 
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can be seen that in the core electron part 
the overall agreement between the experi
ment and theory is excellent, while in the 
valence electron part there is a definite 
disagreement. This disagreement seems to 
reflect the electron-electron interaction 
effects of valence electrons [9, 10]. 

REFERENCES 

[l] LOUPIAS, G. and PETIAU, J., J. Physique 41, 
265 (1980) . 

[2) 

[3] 

[4) 

ITOH, F ., SAKURAI, M., SuzuKI, N ., SUZUKI, 
K., SHIOTANI, N., SAKAI, N., FUJIMAKI, H., 
KAWATA, H., AMEMIYA, Y. and ANDO, M., 
Photon Faetory Aetivity Report 5, 324 
(1987). 

SHMITZ, J. R. , SCHULTE-SCHREPPING, H. and 
SCHULKE, W., HAYSLAB Anual Report 1987, 
p. 355. 

SHIOTAN I, N., SAKAI, N., ITOH, F ., SAKURAI, M., 
KAWATA, H., AMEMIYA, Y. and ANDO, M., 
to be published in Nuel. Instr. and Meth. 
A275, 447 (1989). 

[5] KATO, H., MIYAHARA, J. and TAKA NO, M., 
Neurosurg. Rev. 8, 53 (1985) . 

í6) MIYAHARA, J., TAKAHASHI, K., AMEMIYA, A., 
KAMIYA, N. and SATOW, Y., Nuel. Instr. and 
Meth. A246, 572 (1986) . 

(7) AMEMIYA, Y., MASTUSHITA, T ., NAKAGAWA, A., 
SATOW, Y., MIYAHARA, J. and CHIKAWA, J ., 
Nuel. Instr. and Meth. A266, 645 (1988) . 

[8] Kuso, Y., W AKOH, s. and YAMASHITA, J., 
J. Phy s. Soe. Jpn. 41, 830 (1976). 

[9] DAN IEL, E. and VOSKO, S., Phys . Rev. 120, 
2041 (1960). 

[10) L UNDQU IST, B. 1. and LYDE N, e., Phys. Rev. 
4, 3360 (1971) . 





THE COMPTON-SPECTROMETER AT THE HARWI-BEAMLINE 
(HASYLAB/DESY IN HAMBURG) 

J . R. SCHMITZ, H. ScHULTE-SCHREPPING and W. ScHÜLKE 
Ins t itu t filr Physik, Universitãt Dortmund, FRG 

The development of the Compton-spec
trometer at the HARWI beamline is based 
on the following concept as sketched in 
Fig. 1: 

HARWI 

PMC = p lane monochromator crystal 
SFMC = sagittal focusi ng monoch roma tor crys lal 

SS = scatteri ng sample 
CT AC = Cauchoi s type a nalyzer crystal 

PSD = pcsition sensitive detector 
RC = Rowla nd circle 

Fig. 1 - Experimental setup of the Compton
-spectrometer at the ·HARWI-beamline, crystal-dis

persive analysis. 

Monochromator: the fixed exit double 
crystal monochromator consists of two 
Bragg-reflecting silicon crystals (140 mm X 
X 100 mm) together with translational and 
rotational stages mounted in a vacuum 
chamber of 750 mm diameter. 

The first plane crystal is mounted on 
the surface of a water-cooled copper block. 
Gallium-metal acts to provide thermal 
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coupling between the silicon and the 
copper [l]. The second crystal is cylin
drically bent and groove cut on the 
reflecting surface to supress anticlastic 
bending [2]. The bending radius is deter
mined by 

R = 
2F1 F2sin® ~ 

F1 + F2 

F 1 and F 2 are the distances between the 
wiggler source point and the monochro
mator and between the monochromator and 
the scattering sample respectively. They 
are chosen to fit a 3:1-ratio [3) . 

Cylindrically bending is achieved by 
clamping the triangular shaped basis of the 
crystal and pressing it against an adjusta
ble bearing at the tip of the triangle. 

ln cooperation with the Hahn-Meitner
-Institut (Berlin) the application of specially 
tempered Si-crystals is considered. These 
crystals would make possible further 
improvements in intensity by broadening 
of the single crystal reflection curves [4]. 

Analyzer : different setups are proposed: 

1. energy-dispersive analysis by means 
of a Ge-SSD for Compton scattering with 
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primary energies between 60 keV and 
80 keV; momentum-resolution approxima
tely 0.5 atomic units . 

2. crystal-dispersive aQalysis by means 
of a Cauchois-type analyzing crystal for 
primary energies from 30 keV to 40 keV; 
momentum-resolution better than 0.1 ato
mic units, already tested at conventional 
X-ray sources . 

Fig. 2 - a) to e) show the decreasing size of the 
beam profile while the sagital focussing second 
érystal is -bent to its proper radius of curvature 

of app. 90 cm. 

For the present a Xe-filled position-sen
sitive proportional counter is used. 

Enhanced efficiency and separation of 
higher harmonics will be obtained by a 
Ge-strip-detector with 200 strips, which is 
under development in cooperation with 
the Institut für Kernphysik, Kernfors
chungsanlage Jülich. 

Fig. 2 shows a set of images of the 
monochromatic beam at the sample posi
tion, when the focu·;sing crystal is bent to 
its proper radius d . curvature. 

The Compt0.1-spectrometer at the 
HARWI-beamlir.e will be available as a 
user-experime_1t in 1989. 
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MAGNETIC X-RAY SCATTERING FACILITIES USING 
A HELICAL MULTIPOLE WIGGLER OF 6-GEV RING AT KEK 

SAKAI , N ., SHIOTANI, N. and ITO, M. 
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Magnetic systems can be studied by 
using circularly polarized photons, because 
they interact with the electron spin and 
the electron orbital angular momentum 
through the relativistic electromagnetic 
interaction having an order of magnitude 
of E/me~ , where E is a photon energy and 
mc2 is the electron rest-mass energy. For 
the purpose of this magnetic experiment, 
a helical multipole wiggler will be installed 
soon in a 6-GeV accumulation ring at KEK, 
Japan, to generate eliptically polarized 
X-rays of energies up to 100 KeV. One of 
the most important c~aracteristics of this 
insertion device is the high brilliance of 
101 ~ photons/ s . mm2

• mrad2 • 0.1 % BW 
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(6 GeV, 50 mA) having 50 % circular 
polarization for 60 KeV X-rays. This will 
be used for the high resolution magnetic 
Compton profile measurement. The X-rays 
of lower energies with higher polarization 
will be used for the magnetic Bragg 
scattering. The ordinary high resolution 
Compton profile experiments can also be 
made by using 50-70 KeV X-rays with 
brilliance of about 101 5 photons/ s . mm2 

• 

. mrad2
• 0.1 % BW (6 GeV, 50 mA). The 

practical designs of monochromators, a 
Compton scattering spectrometer, and a 
magnetic Bragg scattering spectrometer 
will be presented. 





CALCULATION OF COMPTON PROFILES IN FERROMAGNETIC 
IRON USING LMTO WA VEFUNCTIONS 

A. K. SINGH, P. GENOUD and T. JARLBORG 
Département de Physique de la Matiêre Condensée Univers ité de Gen eve 

24, Quai Ernes t Ansermet , CH-1211 Geneve 4, Swi tze rland 

We report here the calculations of 
magnetic and total Compton profiles (CP) 
in ferromagnetic iron. A self-consistent 
together with a parametrized band struc
ture calculation were performed using the 
linear muffin tin orbital method (LMTO) . 
The momentum distributions were obtained 
using the method developed by Singh and 
Jarlborg (1]. 

As shown by the analysis of positron 
annihilation data made by Genoud et ai. [2] 
on ferromagnetic iron, the Fermi surface 
(FS) topology given by any fully self-con
sistent band structure calculation is not 
correctly described, especially around point 
N of the Brillouin zone. However distri
butions cal_culated frotn a parametrized 
band structure calculation describe much 
better the experiment. The main difference 
between both corresponding FS concerns 
the size of the N-centred hole pocket of 
the 3 rd minority electron band, which is 
large in the self-consistent calculation and 
very small in the parametrized onc. The 
correct parametrization was achieved by 
pushing down the centre of gravity E v of 
p-bands by 35 mRy for majority p-electrons 
and by 57 mRy for minority ones. 
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The contribution of valence electrons 
is calculated in a sphere of radius 7·6 a. u. 
Core contribution is calculated self-con
sistently up to 12 a. u. The distributions 
are convolved with a gaussian of 
FWHM = O. 7 a. u. to take account 0f the 
experimental resolution function. Compari
son of total CP with other calculations 
(LCAO by Callaway and Wang [3] and 
APW by Wakoh and Kubo [4]) indicates 
that our results are in very good agreement 
with the experimental values [5]. This is 
shown in fig. 1 where the difference 
between experiment and the calculations 
is pictured for three main directions. There 
is no direct evidence in this case to pri
vilege the self-consistent LMTO band 
structure or the parametrized one. 

But in the case of magnetic CP, the 
distributions obtained from the parame
trized band structure calculation are closer 
to the experiment (Sakai and Sekizawa 
(polycrystalline) [6] and Cooper et al. 
( directional) [7]) than any other calcula
tions. This is especially true in the low 
momentum region: the dip near p = O 
which is attributed to a negative polariza-
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Fig. 1 - Directional total CP of ferromagnetic Fe. 
Difference between experiment [5] and calculations 

in the [100], [llO] and [ll l] direction. 

LMTO self-consistent 

LMTO parametrized 

LCAO [3] 

APW [4] 

tion of s and p electrons can be correctly 
described only by the parametrized 
calculation. Corresponding curves can be 
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Fig. 2 - Spherically averaged magnetic CP of 
ferromagnetic Fe. Dashed line is for CP obtained 
from the LMTO self-consistent calculation and 
solid line for CP obtained from the para-

metrized one. 

ou 

Fig. 3 - Directional magnetic CP of ferromagnetic 
Fe in the [100] , [110] and [111] direction. Dashed 
line is for CP obtained from the LMTO self-con
sistent calculation and solid line for CP obtained 

from the parametrized one. 
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seen in fig . 2, which shows the spherically 
averaged magnetic CP of Fe. On fig . 3 the 
directional magnetic CP of Fe along three 
main directions are depicted. 

We conclude then that the CP obtained 
from the parametrized LMTO band struc
ture calculation, describe better the experi
mental data than these obtained from a 
fully self-consistent band structure calcula
tion. This is related to the N-centred hole 
pocket in the 3 rct minority electron band 
which is much too large in fully self
-consistent calculations. This confirms the 
analysis of positron data recently made by 
Genoud et ai. [2]. 
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FORM FACTORS AND COMPTON PROFILES OF METALLIC AI 
FROM AN ATOM-IN-JELLIUM-VACANCY MODEL 
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ABSTRACT - Form fac tors, Compton profil es and momentum expectation values 
fo r metallic AI have been calculated using a local density approximation wlth the 
spherical atom-in-jellium-vacancy model. The theoretical results are compared with 
cxperiment and satisfactory agreement is observed. 

1 - INTRODUCTION 

The position-space density functional 
theory (DFT) using the electron charge 
density, p (r), as the basic variable is quite 
well established [1-3] as an alternate 
method for quantum mechanical calcula
tions and p (r) is known to be directly 
related to some experimentally measured 
quantities (e. g . form factors f(k)). Simi
larly the DFT in the momentum space, 
using the electron momentum density 
(EMD) , ;' (P) , is also well developed l 4, 5] 
and EMD is related to experimental 
measurements such as that of Compton 
profiles (CP), J(q). Recently some approxi
mate methods have been developed to 
transform p (r) into y(p) . ln this note we 
present a preliminary report of oµr theo
retical calculations of some ejectronic 
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properties such as the form factor f(k) , CP 
J(q) and expectation values < Pn > in 
metallic AI using p (r). The theoretical 
results are compared with experiment. 

2 - CALCULA TIONS 

The starting point of the present 
calculation was the computation of the 
density function p (r) using the atom
-in-jellium vacancy (AIJV) model [6, 7] . The 
model uses the local density functional 
formalism for calculating self-consistently 
the non-linear response of an electron gas 
around a point impurity immersed in 
jellium. The calculational details of this 
model have been described elsewhere [7]. 
The exchange correlation term involved in 
these calculations was taken from the 
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work of Vashishta and Singwi [8]. The 
form factors were calculated from the 
relation: 

f(k) = J p(r) eik . r dr (1) 

where i k 1 = 2" sine / .\. 
Transformation from p (r) to y(p) was 

carried out by using the so-called BKCM 
procedure [9] as developed by Gadre and 
Pathak [10] . It has been shown that this 
procedure provides satisfactory results of 
y(p) in m~fals [11] . lsotropic CP, J(q) and 
the momentum expectation values < pn > 
were calculated for metallic AI from the 

EMD y(p), obtained by the BKCMGP 
transforma tion . 

3 - RESULTS AND DISCUSSION 

The results of our calculations for 
f(k), J ( q) and < pn > for metallic AI are 
given in Table 1, Fig. 1 and Table 2 
respectively, where a comparison with 
experiment [12 , 13] is also provided. It is 
observed that the agreement between the 
present theory and experiment is gener
ally satisfactory except for J(q) in the 
momentum range q - 1-2 a. u. Application 
of this method to other metais and a 
detailed discussion of these results will be 
presented elsewhere. 

q (a. u .) 

Al : Compton profile 

------ Expt 

---Theory 

Fig. 1 - Comparison of the theoretical Compton profile J(q) for metallic AI with experimental 
data [13]. 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 321-323, 1988 



S. J. MALI et ai. - Form factors and Compton profiles 323 

TABLE 1 - Comparison of theoretical form faetors, f(k), with experiment [12] 

hkl 111 200 220 311 222 400 331 120 422 

Present theory 8.84 8.34 7.30 6.65 6.45 5.74 5.28 5.15 4.65 

Experiment 8.80 8.38 7.27 6.66 6.48 5.78 5.33 5.20 4.66 

The error in experimental data is ± 0.06 for the first seven (hkl) values and ± 0.05 for the last two 
(hkl) values. 

T ABLE 2 - Comparison of theoretieal momentum expeetation values 
< p-1 >, < p > and < p2 > with experiment [13] 

< p-1 > 

Present theory 8.37 

Experiment 8.13 ± 0.14 
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THE ELECTRON MOMENTUM DENSITY OF GALLIUM ARSENIDE 
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The [100], [110], [111], [112] and [221] 
directional Compton profiles of gallium 
arsenide have been deduced from Compton 
scattering measurements on single crystal 
slices at gamma ray source energies of 
412 keV and 60 keV. Both experimental 
systems detect profile anisotropies which 
are approximately 1 % of the peak height 
J(O). These profiles and their Fourier 
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Transforms have been compared with the 
predictions of a pseudopotential band 
structure calculation. As expected the 
scale of the anisotropy is smaller than for 
germanium and is correctly predicted by 
the calculation. However, the calculation 
consistently underestimates the high mo
mentum component of the charge density 
in all three directions. 
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The interference term between charge 
and magnetic Compton scattering ampli
tudes couples the circular polarization of 
the photon to the electron spin; it can be 
used to separate contributions from spin-up 
and spin-down electrons and obtain mag
netic Compton profiles [l, 2] . We have 
recently measured directional magnetic 
Compton profiles in bcc iron for the first 
time [3], and we report here on further 
measurements with improved statistics. 

The magnetic Compton profile is de
fined as the z-projection of the difference 
between spin-up and spin-down momentum 
densities 

J mag (Pz ) =.f .f (n t (p) - 11 i (p)) dpx dpy 

Px Py 0) 

as opposed to the usual total Compton pro
file which is a projection of total momen
tum density 

J (Pz) = J J (n 1 (p) + n .j. (p)) dpx dpy. 

(ii) 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 327-330, 1988 

These profiles can be simply deduced from 
the measured spin-dependent and spin
-independent parts of the double differ
ential Compton cross-section. 

The spin-dependent interference terms 
can be maximized by choosing near 
backscattering geometry with the sample 
magnetized along a direction close to the 
scattering vector. Under these conditions 
the frastional spin dependent term is 
given [4] by 

Ó.<T 
- = 2Pc (w/ m13c2

) (,u/ z) (iii) 
(J' 

where w is the incident beam energy, µ is 
the number of polarized electrons P e 

is the degree of circular polarization of 
the beam and z the atomic number of the 
scatterer. 

Radiation emited out of the orbital 
plane of a synchrotron is eliptically 

':' Present address : Daresbury Laboratory, 
Daresbury, Warrington WA4 4AD, U. K. 

*'' Department of Physico, IIT, Bombay 
400 076, India. 
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polarized, and in this work 60 keV radiation 
extracted at an angle of - 1/ 10 mrad 
above the plane from the 5T SRS Wiggler 
magnet was polarized with Pc > 0.5. The 
X-ray beam was monochromated hy a Si 
220 crystal and scattered by 145° through 
a (1 / 4) mm thick single crystal disc of iron 
( containing - 6 % Si atoms to stabilize the 
bcc structure) (Figure 1). The iron disc, 
with the 110 crystal direction along its 
axis, was held across the poles of an 
electromagnet and the scattering vector 
was arranged to be along the magnetic 
field direction and one of the major crystal 
directions (100, 110 and 111). Scattered 
radiation was detected by a germanium 

Fig. 1 - A schematic diagram of the experimental 
set-up, showing the transmission geometry adopted. 

SSD with an energy resolution of 0.4 keV 
FWHM and, after periodically reversing 
the magnetic field, data sets from each 
field direction were subtracted to yield the 
magnetic Compton profiles (Figure 2). 
Data on each crystal direction were 
coílected for - 24 hours, giving around 
106 counts in the total profiles and a 1 % 
magnetic effect as predicted by (iii). 

As in the polycrystalline measurements 
[l, 2] the most notable feature of the 
profiles is the central dip, caused by the 

negative polarization of conduction elec
trons in interatomic (low momentum) 
regions. 
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Fig. 2 - The measured directional magnetic 
Compton profiles (histograms) along with the 
results of an APW calculation [5, 6] (solid line) , 
convoluted with a Gaussian of FWHM = 0.7 a. u. 
(1.4 X 1 O-:H m kg s-1) to simula te the experi-

mental resolution. 
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The main difference between the direc
tional profiles is in the size of the central 
dip, which is largest along 111 and very 
small along 100. This can be understood 
qualitatively by considering the sbapes of 
tbe calculated Fermi surfaces (Figure 3). 
The most obvious difference between the 
minority and majority Fermi surfaces is 
that tbe former has large boles at the 
H-points on the Brillouin zone while the 
latter does not. The effect of these boles 
is to produce a positive contribution to 
tbe profile. Since electrons with wave
-vectors perpendicular to tbe z-direction 
contribute to the centre of tbe profile, it 
follows that the value of J m::ig (O) will 
depend on tbe number of H-points in 
planes through the Brillouin zone perpen
dicular to eacb z-direction. The numbers 
of such points are 4, 2 and O for 100, llO 
and l ll respectively (Figure 3), indicating 
that tbe 100 profile sbould be largest at 
tbe centre. and tbe 111 smallest, wbich 
agrees well 1with the experimental data. 

For a more quantitative comparison the 
directional magnetic Compton profiles 
calculated by the APW method [5, 6] 
are sbown with the experimental data 

(Figure 2). It can be seen that there is 
reasonably good agreement for lll and llO 
but tbe predicted central peak in the 100 
profile is not observed. Tbis may explain 
wby the calculated central dip for poly
crystalline iron is smaller than experimental 
data from several independent measure
ments suggest [1, 2]. Tbe discrepancy is 
clearly associated with tbe 100 direction, 
but its origin is not yet understood. 
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X-RA Y INELASTIC SCATTERING INTENSITIES MEASURED 
BY ENERGY-DISPERSIVE DIFFRACTOMETRY 

TAKAO IIJIMA and KEIKO NISHIKAWA 
D epart ment ot Chemistry, Gakushuin University 

T oshima-ku, T okyo 171, Japan 

ABSTRACT - ln the energy-dispersive method, theoretical expressions of the 
inelastic scattering intensities to be compared with the experimental values are usually 
given without taking into account the width of the Compton spectrum. The validity 
of this approximation is numerically examined for the case of X-ray scattering from 
neon. It is found that the errar due to the neglect of the width never exceeds 0.2 % of 
the total scattering intensity for scattering angles less than 35º and for the photon 
energy from 15 to 35 keV. 

1 - INTRODUCTION 

ln the energy dispersive method, the 
' measured inelastic intensity at a channel 

corresponding to the photon energy E is 
the sum of all the photons whose energy 
is reduced to just E after the energy-loss. 
ln other words, the observed inelastic 
intensity is the integrated Compton spec
trum over the primary energy. Usually 
the width of the Compton spectrum is 
neglected [1-5), and the inelastic scattering 
intensity at E is approximately given as 
the total inelastic scattering intensity for 
the primary energy E' multiplied by a 
band-width ratio; for the primary energy 
E' the Compton spectrum has the Compton 
peak at the energy E, i. e. at the measuring 
channel concerned. 

ln the analysis of the total scattering 
intensities from N2, 0 2 and Ne gases [5], 
a question was raised about the validity of 
the approximation mentioned above in 
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order to secure the accuracy of about 
0.5 %, because for the gases consisting of 
lighter elements as N, O and Ne, the 
Compton spectra have a peak with a width 
of about 0.5 keV and a tail extending to a 
few keV from the peak for the primary 
photon energy 30 and 45 keV and the 
scattering angle 43° [6]. ln the present 
work the extent of the difference between 
the inelastic scattering intensity to be 
measured by the energy-dispersive method 
and the approximated intensity has been 
numerically estimated, in particular for 
the X-ray scattering from neon. A detailed 
account of the present study is to be 
published elsewhere [7]. 

2 - FORMULATION 

The expression for the approximated 
inelastic scattering intensity from neon in 
terms of photon-counts per constant band-
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-width at the detected photon-energy E, 
which has been used in the usual analysis 
of the data obtained by the energy-disper
sive method, is given as [2, 3, 5], 

Iine1 (E) = (dE' / dE) R(E, E') A(E, E') X 
X P(E') Ip(E') S(E') 

(1) 
2 

== (E' / E) R(E, E') A(E, E') X 
X P(E') Ip(E') S(E') 

where A(E, E') is the absorption factor, 
P(E') the polarization factor, Ip(E') the 
intensity of the primary beam, S(E') the 
X-ray incoherent scattering factor of neon 
and R(E, E') is the recoil factor. E' is the 
primary photon-energy to give the Compton 
peak at E. The difference between E' and E 
is known as the Compton shift. 

The inelastic intensity actually accumu
Iated at the energy E is, however, an 
integral over the primary energy EP : 

Iinel (E) = f dEpR(E, Ep) A(E, Ep) X 
E > E 

p 

(2) 

where g(E, Ep) is a function which gives 
the shape of the Compton spectrum and 
it is normalized as follows: 

J g(E, Ep) dE = 1. (3) 
E < E 

p 

The Compton spectra are composed of 
two parts; one is the nearly symmetric 
part around the Compton peak which 
originates from the scattering by the outer 
electrons, and the other is the tail 
attributed to the scattering by the inner 
core (ls) electrons. Accordingly, we esti-

mate the integral of Eq. 2 considering the 
contribution from the peak and tail sepa
rately. 

3 - RESULTS AND DISCUSSION 

The details of the estimation of the 
integral of Eq. 2 are to be reported 
elsewhere [7]. It turns out that the contri
bution to the errar of Eq. 1 from the peak 
is very small. The dominant contribution 
is that from the tail. The tail function for 
neon was calculated by the use of the 
theoretical formula given by Eisenberger 
and Platzman [8] and Eisenberger [9], 
considering that the density of the final 
states is weighted by 47Tp2dp, p being the 
momentum of the recai! electron. 

The final results are shown in Fig. 1 in 
terms of the correction factor ªtot to the 

10 20 30 40 
photon energy / keV 

Fig. 1 - Correction factor ªtot to the total scat
tering intensity for the scattering angles, 20, 

35 and 45". 

total (elastic plus inelastic) scattering 
intensity, with the meaning that the total 
intensity using Eq. 1 for the inelastic part 
must be multiplied by (1 + ªtot ) to get 
exact values given if one used Eq. 2 for 
the inelastic part. At 28 = 45° the correc
tion factor ªtot varies relatively by a 
maximum of 0.5 % over the range of the 
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photon energy 15-35 keV. For 28 = 35° or 
smaller angles, the relative differences 
of ª tot are less than 0.2 % and can be 
safely ignored. 

However, since the energy-dispersive 
measurements are performed in a constant
-angle mode, the correction to the tabu
lated S(K) that is calculated at constant 
momentum transfer K must be applied as 
discussed by Banham [10] and numerically 
evaluated by Sharma and Thakkar for 
He [11] and H2 [12]. 

It should be noted that the present 
results are only applicable to the first-row 
elements of the periodic table, since they 
are based on the numerical values of the 
tail function of the Compton spectrum for 
neon. The errar of the approximate equa
tion, Eq. 1, might be larger for higher Z 
elements. 
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A BSTRACT- The pressure-induced metallic InSb with rock-salt -s_tructure is a 
coexisting system of metallic and covalent bonding characters. The electronic charge 
distribution has been discusseçi within a framework of a self-consistent pseudopoten
tia l theory. 

1 - INTRODUCTION 

Pressure-induced InSb with the rock
-salt (RS) structure, obtained from an 
amorphous phase ata pressure of - 10 kbar, 
is experimentally confirmed to be metal
lic [l). Previously, by performing a self
-consistent total energy calculation, we 
discussed the pressure-induced phase 
transition of InSb [2] and the stability of 
the metallic phase [3] . We found that the 
metallic phase is a system where metallic 
and covalent bonding characters coexist. 
ln this paper we analyze the electronic 
charge distribution (CD) in this system. 
Comments on the charge transfer (CT) and 
the momentum distribution (MD) are 
given. 

2 - ELECTRONIC CHARGE DISTRIBU
TION IN THE COEXISTING SYSTEM 

The CD is calculated on the basis of 
self-consistent band theory [3] . The higher 
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(2nd-5th) occupied bands are separated 
from the lowest (lst) band. Figure 1 shows 
(A) the CD due to the higher occupied 
bands in the (100) plane and (B) the CD 
value along In-Sb bond. The electron 
distribution in the s-bonding lowest band 
is spherical around the Sb atam, with 5s 
atomic character (Fig. 2). 

A massive pile of electrons is observed 
between ln and Sb atoms . It appears 
around the deeper minimum of the crystal 
pseudopotential (PP) near the Sb atom [3]. 
The electrons in the bonding band tend 
to be attracted towards an atom of higher 
electronegativity. The bond-like peak, 
which corresponds to the covalent bond 
in the semiconducting InSb (ZnS-type), 
comes mainly from the electrons in the 
p-bonding part of higher bands being 
attracted to the valley originated from the 
atomic PP of Sb. The bond-like charge 
favours the stabilization of the me-tallic 
phase [2, 3]. 
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Fig. 1 - The contribution to the electron density 
of RS InSb from the higher occupied bands, in 
units of l/n0 (n0 : unit cell volume) . (A) The 
equidensity map in the (100) plane. (B) The density 

along the In-Sb bond. 

We have a considerable accumulation 
of electrons around the ln atom and a 
shoulder on the massive peak. The shoulder 
is on the shallower minimum of the crystal 
PP due to the atomic PP of ln. These struc
tures are due to the electrons in the s-anti
bonding higher bands attracted towards 
the ln atom of lower electronegativity. 
The electrons in the antibonding bands 
behave like metallic ones. As compared 
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Fig. 2 - The contribution to the electron density 
of ES InSb from the lowest band. (A) The 
equiçlensity map in the (100) plane. (B) The density 

along the In-Sb bond. 

with good metals, the electron distribution 
is considerably localized. This explains the 
low electric conductivity of 2.6 X io• 
0 - 1 cm-1 • 

3 - DISCUSSION 

This material can be classified as a 
coexisting system of metallic and covalent 
bonding natures. ln such a system, it is 
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important to define CT properly as a cry
stalline effect, for a better understanding 
of its metallic behavior [3]. We define a 
CT by an effective charge deviation from 
an atomic valence within the Wigner-Seitz 
(WS) cell. The electron numbers are: 
2. 75 (ln) and 3.25 (Sb) in the higher bands, 
and 0.38 (ln) and 1.62 (Sb) in the lowest 
band. We have 0.13 electrons transferred 
from the Sb-WS cell to the WS cell of 
metallic ln. 

The MD in the typically covalent 
semiconductors is rather insensitive to 
details of valence bond structure [4]. ln 
these materiais, the bulk feature of the 
MD is mainly determined by the shape of 
Jone 's zone itself. ln metais, it is indeed 
sensitive to the electronic structure, namely 
to the shape of Fermi surface, many-body 
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interactions, etc. The coexisting material 
may be regarded as an intermediate state 
between good metais and semiconductors, 
which calls for a systematic study of CD 
and MD. 
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INVESTIGATION OF THE ELECTRONIC STRUCTURE OF SOME OXIDES 
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The oxides, particularly the transition
-metal based ones, are an important class 
of materiais because of their importance 
in industry and interesting properties. It 
has also been established that their charac
teristic behaviour is related to their elec
tronic structure which remains less well 
understood. Some progress has undoubtly 
been made with the advent of recent 
techniques such as XPS, UV photoemission, 
XAS etc.. Regarding interpretation the 
Molecular Orbital approach has been 
mainly employed, due to difficulties with 
band structure methods. Recently, the 
Compton scattering technique has been 
applied successfully to probe the behaviour 
of valence electrons in solids including 
oxides [l]. ln this paper we report the 
investigations made on three metal-oxides 
namely, V20 5, Nb 20 5 and Mo0 3 by means 
of the Compton scattering method. Pre
liminary results on Nb and Mo oxides 
were reported recently [2] . Here we also 
included V20 s to see if any systematic 
effects could be seen. 

The samples used in this work were 
pellets prepared by pressing polycrystalline 
powders, with thickness around 1.5 mm. 
The measurements were made with the 
Compton spectrometer described earlier [3]. 
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The momentum resolution was about 
0.6 a. u. and for eath case more than 10" 
counts at the Compton peak were accumu
lated. The signal to noise ratio varied from 
750 to 250 for these samples. With the 
exception of V 20 5 , the oxides were 
studied with two different thicknesses to 
increase the reliability of the data analysis, 
particularly the multiple-scattering part on 
such systems. It was observed that after 
this correction was applied the data 
were within statistical errors . The data 
were corrected as usual for the effects 
of background, instrumental resolution, 
energy dependence of Compton scattering 
and multiple scattering (double elastic as 
well as inelastic events). It turned out 
that the correction due to double scattering 
was 4 %, 2.4 % and 2.5 % respectively for 
V, Nb and Mo oxides for J(O) value, this 
being 23.30, 27.53 and 14.79 with error of 
about 0.5 % in each case. ln order to see 
if the free atom superposition model could 
predict these values, we determined theor-
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tific Research, Baghdad, Iraq. 
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etically the Compton profiles using atomic 
Compton profiles from the tables of 
Biggs et al. (4] and Weiss et al. [5]. The 
agreement was very poor. Then we tried 
various ionic models for the state of the 
O ion. For this, one or two electrons 
were added to the 2p orbital of oxygen 
(O - and o ·-- ) and for the transition 
metal atom, the data from the metal was 
taken after subtracting the contribution of 
appropriate number of valence electrons. 
We thus tried two possibilities namely 
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Fig. 1 - Plot of the difference between theoretical 
and experimental Compton profiles for V 20 il , 
Nb 20 5 and Moüa . The theory has been convoluted 

with the RIF. 

the transfer of one electron and two elec
trons per oxygen atom. ln the latter 
case it meant complete transfer of the 
metal-atoms valence electrons to the 
oxygen atom. The results are plotted on 
Fig. 1 (a, b, c) for the three oxides. It is 
quite obvious that the model with full 
transfer, i. e. the 0 -2 state, for these cases, 
seems to be supported by our data. It is 
worthwile pointing out that in a recent 
study of Mo03 , Werfel and Mini [6] had 
concluded on the basis of photoemission 
measurements that the bonds in this oxide 
should be of dº type which also agrees 
qualitatively with our conclusions. Since 
the other two oxides studied here have 
an identical structure, it seems logical to 
conclude that the sarne would also be 
valid for them. There, however, substantial 
differences remain between theory and 
experiment, particularly between O to 
2 a. u.. This points to the need of better 
theoretical treatment of 0-ions and perhaps 
measurements on crystalline samples. 
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ELECTRON MOMENTUM DISTRIBUTIONS IN ZIRCONIUM 
AND CADMIUM 

B. K. SHARMA * and B. L. AHUJA 
D epartment of Phys icB, Un iver s ity of Rajasthan. J aipur 302004, India 

The metais zirconium and cadmium 
both belong to the 4d group and crystallize 
in H.C.P. structure [l). Like other H.C.P. 
transition-metals, the electronic band 
structure and Fermi surface of these 
metais are quite complicated and less well 
understood [2). Amongst these two metais, 
relatively more work has been reported on 
Zr (See Ref. 2). Within the last few 
years, electron momentum distributions 
from Compton scattering technique have 
been reported for a number of 4d metais 
[3-5). These, however, do not include any 
of the H.C.P. metals and hence the present 
work. The measurements have been made 
by scattering 59.54 keV gamma-rays from 
polycrystalline samples of 0.1 and 1.2 mm 
respectively for Zr and Cd. The number of 
counts at the Compton peak were about 
60,000 and 32,000 respectively accumulated 
in 48 and 24 h for Zr and Cd. The 
measured spectra were corrected as usual 
for the effects of background, instrumental 
resolution, sample-absorption, energy de
pendence of Compton scattering cross
-section and elastic as well as inelastic 
double scattering events . The experimental 
profiles were normalised to 16.33 (Zr) and 
18.97 (Cd) electrons these being the area 
of the free-atom profiles in the O to + 7 a. u. 
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range. ln both cases the contribution of ls 
electrons was not included in this nor
malisation as their binding energies are 
larger than the recoil energy in our 
arrangement. These ls electrons may 
however contribute via double elastic scat
tering for which suitable correction has 
been made in the data analysis program. 

It would have been nice if theoretical 
Compton profiles were available for these 
metais but that was not the case and we 
employed the simple Renormalised-Free
-Atom (RFA) model which has provided 
reasonable compromise between the elab
orate band structure calculation and free 
atom models. Accordingly, we followed 
the approach of Berggren [6] and calculated 
: tpe Compton profiles for Zr choosing 
severa! 4d-5s configurations. For the case 
of Cd we could take only the 4d 'º 5s2 

configuration but we also included the free 
electron and free atom models. Our 
results for Zr have been discussed in 
Ref. 2 and hence we shall skip some of 
the details to present the interesting 
aspects of the results. ln Fig. 1 we compare 

* Present address: Department of Physics, 
University of Helsinki, Siltavuorenpenger 20D, 
00170 Helsinki, Finland. 
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our experiment with our calculations. ln 
Fig. la we consider the case of Zr. It is 
seen that the difference between theory 
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Fig. 1 - Plot of the difference between theory 
and experiment for polycrystalline Zr (la) and 
Cd (lb). Theory has been convoluted with the 

RIF as discussed in the text. 

(convoluted with RIF) and experiment is 
quite small beyond 2 a . u. but below 2 a_ u. 
there is considerable variation as the 
relative 4d-5s distribution is varied_ As the 
number of 5s electrons is decreased from 
2 to 0.6, the difference ~J changes and 
at Pz equal to O, it de~reases systematically 
and becomes negative. On the other hand, 
between 1 to 2 a. u. this difference ~J 

shows the reverse behaviour. ln order to 
find the most favoured configuration we 
calculated the total deviation (squared), 
i. e. ! ~J 1 

2 , which turned out to be lowest 
for 4d4 5sl configuration. ln a way, this 
suggests that the electron distribution in 
Zr metal should be close to this which 
turns out to be in good agreement with 
the conclusions of band structure calcula
tion of Jepsen et al. [7]. Three models 
were considered for Cd and their relative 
performance is shown in Fig. 1 b where 
we have plotted, as before, the difference 
between theory (convoluted with RIF) and 
our experiment. It is seen that the free
-atom model is the poorest as is to be 
expected. But even the free electron model 
does not show good agreement. The simple 
RF A model shows a relatively better 
agreement but not as satisfactory as one 
would like. Thus, there is a clear need of 
improvement in the calculation and in 
particular the inclusion of 5p shell would 
be needed. 
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COMPTON PROFILE OF POL YCRYSTALLINE TUNGSTEN 

USHA MITTAL, B. K. SHARMA *, F. M. MOHAMMAD and B. L. AH UJA 
D epartmen t of Phys ics , U ni versity of R aj asthan , J ai pu r . Ind ia 

ln the last decade Compton scattering 
technique has been extensively applied to 
investigate the electronic structure of 3d 
metais [1]. Within the last few years our 
group has reported such results on a 
number of 4d metais [2]. ln this paper we 
consider the case of tungsten for which 
there were theoretical calculations but no 
experimental data. The present measure
ments have been made by scattering 
59.54 keV gamma-rays from a polycrystal
line sample of about 0.1 mm thickness. 
The experimental set up has been already 
described (Ref. 2). It has a momentum 
resolution of about 0.6 a. u .. Nearly 70,000 
counts / channel were accumulated near the 
Compton peak. The measurement time was 
about 48 h. The data was then corrected 
as usual for the effects of background, 
instrumental resolution, sample absorption , 
energy dependence of Compton scattering 
and elastic as well as inelastic double 
scattering events using the procedure 
described in Ref. 2. The experimental 
profile w as normalised to an area of 25.88 
electrons, this being the area of the cor
responding free-atom profile in the mo
mentum range of O to + 7 a. u. excluding 
the contribution of K-shell electrons . Also 
the contribution of L-shell electrons has 
been included only up to those values for 
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which the recoil energy exceeded their 
binding energies. 

It was interesting to observe that our 
experimental values in the high momentum 
region, i. e . for Pz above 3 a . u ., were in 
very good agreement with the free atom 
values calculated from the tables of Biggs 
et ai. [3] . This in a way was reassuring 
because in this region most of the contri
bution comes from inner electrons which 
are reasonably described in terms of 
relativistic free-atom wave functions. 
However, in the low momentum region 
there were significant deviations . lt is 
known that the shape of Compton profile 
in this region is dominated by the slowly 
moving outer valence electrons. Therefore 
we consider this region more carefully in 
our further analysis. As mentioned before, 
theoretical Compton profiles for W in 
various crystalline directions have been 
published [4]. Thus it is possible to com
pare our results with these calculations. 
ln order to do that we computed the 
spherical average using the standard 
formula and normalised these values 
properly. Thereafter, the contribution of the 

* Department of Physics, University of 
Helsinki, Siltavuorenpenger 200, 00170 Helsinki, 
Finland. 



344 USHA MITTAL et ai. - Compton profile of polycrystalline tungsten 

core electrons from the table of Biggs et al. 
(Ref. 3) was added. The theoretical values 
thus obtained were convoluted with the 
Residual Instrumental Function (RIF) of 
our instrument and compared with our 
data. Furthermore, in order to test if the 
simple Renormalised-Free-Atom (RFA) 
model could be employed to interpret the 
data in 5d metals, we calculated the 
Compton profile using Berggren's approach 
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...---.-. Band Structure 
r:.- r:. - r:. RFA 5ct;.6 6 s0.4 

o- ·o o RFA 5 d5.46s0 ·6 

x- x- x RFA 5 d5.26 s0·8 
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Fig. 1 - Plot of the difference profile (~J ) for 
polycrystaline tungsten. The theory has been 

convoluted with the RIF. 

[5]. Only the 6s electron wavefunction was 
renormalised because most of the 5d wave
function was contained inside the Wigner
-Seitz sphere. Severa! 5d-6s configurations 
were considered and total Compton profiles 
were determined. Also as described above, 
these values were convoluted with the 
RIF and compared with the present 
measurement. ln Figure 1 we have plotted 
the difference between the various RF A 
calculations and the experiment. Also 
plotted here are the differences between 
the band structure values and our experi
mental values . It is obvious from this 
figure that the agreement with the band 
structure values is not so good. On the 
other hand, the differences in the RF A 
values are relatively smaller. The best 
agreement is found for the RF A model if 
the configuration is chosen as 5d5.4 6sº·6 

for metal tungsten. There is, however, a 
need for better calculations, and new 
measurements with higher gamma-ray 
energy. 
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THE CRYSTAL ELECTRON ENERGY AND COMPTON PROFILES 
FROM X-RAY DIFFRACTION DATA 

ALEXANDRov Ju . V., TSIRELSON V. G., OzERov R. P. 
Mendeleev Ins titute of Ch emica l T echno logy, 

Miusskaja Sq. 9, 125820 Moscov, U.S.S.R. 

There are severa! different quantum 
mechanic approaches to one-electron den
sity matrix determination from X-ray 
diffraction data. The more general method 
of that kind which takes into account the 
crystal translation symmetry has been 
developed [l]. The method has been applied 
to electron energy and directed Compton 
profile calculations of some covalent crys
tals : diamond and silicon. The calculated 
kinetic energy (per atom in crystal) 
practically coincides with the theoretical 
one and the experimental values . The 
binding energies, which are determined as 
a difference of two very large values, 
coincide in a 36 %-limit; this limit is 
characteristic for the Hartree-Fock cal-
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culation. Coincidence with theoretical data 
is better. 

The directed Compton profiles had 
been calculated in the momentum approxi
mation. Good agreement with theory and 
experiment for both compounds in ali 
regions studied has been obtained. We 
would like to draw attention to the fact 
that in the suggested approach the incoher
ent effects could be described starting with 
the coherent X-ray data. The fundamental 
role of the electron density can be seen 
here. 
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DIRECTIONAL COMPTON PROFILES AND THEIR FOURIER 
TRANSFORMS IN GaAs 

B. K. PANDA, D. P. MAHAPATRA and H. e. PADHI 
Institute of Physic.s , Bhubaneswar - 751005, India 

Compton profiles along the (100) and 
(111) directions of GaAs were measured 
using 59.54 kev gamma-rays from a 3 Ci 
annular source and an HPGe detector. 

Compton profile as well as Fourier 
transformed Compton profile anisotropies 
are compared with pseudopotential caicula
tions using both local [l] as well as local 
plus non-local [2] potentials. The measured 
Compton profile anisotropy (Fig. 1) is 
found to be in reasonable agreement with 
theory for both sets of potentials . It can 
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also be seen from Fig. 1 that the 
extremas in the rrleasured anisotropy 
are slightly shifted ·to higher q values 
compared with theory. The autocorrelation 
anisotropy t.B (111-100) as shown in Fig. 2 
is dominated by the bond anisotropy as 
in elemental semiconductors [3] and 
because of resolution the effects of second 
neighbour interaction cannot be seen. The 
negative peak in the anisotropy occurs at 
a position lower than the bond length 
( 4.62 a. u.). Some anisotropy is also found 
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at about 1 a. u. which is not predicted by 
the theory. This suggests that the pseudo
potential wave-functions are not satisfac
tory near the atomic centre which perhaps 
is due to the fact that the wave-func:tions 
are not made orthogonal to the core 
electron wave-functions . 
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PROPERTY ORIENTED BASIS-SETS USING CROSS-ENTROPY 
MINIMIZATION 

SHRIDHAR R. GADRE, SUDHIR A. KULKARNI , lNDIRA H. SHRIVASTAVA 

D epartment of Chemis try, University of P oon a 
Pune - 411 007. India . 

It was first axiomatically shown by 
Shannon [l, 2] that a suitable measure of 
the uncertainty associated with a finite 
scheme is of the form S = - ~ Pk ln Pk 

k 
where Pk is the probability of the kth event. 
The above quantity S is known as 
Shannon's entropy. Shannon also proved 
the universality of this entropy functional, 
which inspired Jaynes to postulate his 
maximum entropy principle [MEP] [3]. 

Jaynes' MEP states that if P = i P1 , P2 ... Pn r 
is the probability distribution associated 
with experiment with data D=i d1, d2 •. • dn ~
then the P which best describes D is the 
one which maximizes - ! Pk ln Pk with 

k 
respect to all P satisfying D, viz. obeying 
the given coflstraints. The MEP has been 
successfully applied to a wide variety of 
problems in Science [4]. However, a 
problem associated with Shannon's entropy 
functional for a continuous case is that it 
is not invariant to co-ordinate trans
formation. 

Kullaback and Leibler [5] found a 
solution which circumvents the invariance 
problem by introducing yet another meas
ure of information, viz. the Kullback-Leibler 
discrimination information or cross entropy. 
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l 
This quantity is defi11ed as 

for the discrete case. The respective quan
t i ty for a continuous one is given by 

S [p1 1 Po1 = J P1 (x) ln i P1 (x) / Po (x) t dx. 

Here p 1 (x) and p 
0 

(x) are normalized 
probability density functions . Thus, for a 
given experiment, the best way to get 
maximum information in an unbiased way, 
by employing entropy deficiency minimiza
tion, 

o iJ p (x) ln [ p (x) / p0 (x)] dx + 
N + ~ A.i < Fi (x) > r = O . 

i == O 

The A./s are Lagrange multipliers and 
< Fi (x) > are the constraints to which 
the density distribution p (x) is subjected. 
The solution to the above equation is 

p (x) = p0 (x) exp [ -

which can be employed to refine a given 
density distribution p

0 
(x). However, there 

are some limitations of this approach; if 
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p (x) is the positional electron density, 
then the use of kinetic energy as é\ con
straint is impossible. Hence it is necessary 
to refine the 'wavefunction' enabling the 
imposition of constraints in position as 
well as momentum spaces. The minimiza
tíon of cross-entropy 

S [ p / p0 ] = J p (r) ln [ p (r) / p 0 (r)] dr 

is used in the present work for the 
refinement of a Near Hartree-Fock wave 
function. Here, p

0 
(r) is the starting elec

tron density and p (r) is the refined one 
which is still obtained from a single 
determinantal wave function. The refined 
density has been obtained by cons_training 
the wavefunction to exact / Hartree-Fock 
or experimentally observed < r2 > and 
< p2 > expectation values. 

The starting wavefunctions used were 
the 3G basis sets of Duijneveldt [6] and 
Stewart [7] for hydrogen atom. Stewart's 
4G basis was also used as a starting 
wavefunction for the hydrogen atom. The 
3G and 4G basis sets of Huzínaga [8] for 
helium atom were used as test cases. For 
lithium and beryllium, 9G and lOG basis 
set of Huzinaga [8] respectively were 
employed for this purpose. The parameters, 
viz. the linear coefficients and exponents, 
~ere varied to within -+- 15 % of their 
original values . 

For ali cases examined < rn > and 
< pn > , expectation values extracted from 
the refined distribution, are in general 
in better agreement with the exact ones. 
Particularly, the percentage improvement 
in the expectation values of < r 2 > , < rª > , 
< Pª > and < p4> is remarkable in all the 
three basis sets considered here. For 
example, the Stewart basis for the H atom 

yields 1.838, 7.453, 1.577 and 3.416 (ali 
values in a. u.) for the above expectation 
values, compared to 1.876, 7.473, 1.629 
and 3.645 for the refined basis respectively. 
The corresponding exact ones are 2.0, 7.5, 
1.698 and 5.0 a. u. The typical loss in 
energy, as compared to the corresponding 
Near Hartree-Fock one, was 0.03 percent 
for ali the atoms examined. 

Summarizing, one can conclude that 
the present method is a relatively simple 
one requiring just two experimentally 
measurable quantities. From this minimal 
input one can obtain a refined distribution 
which improves nearly ali the one-electron 
properties with a negligible loss in 
energy. 
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ELECTRON MOMENTUM DISTRIBUTION AND SPIN DENSITY 
OF FERROMAGNETIC IRON STUDIED BY SPIN POLARIZED 

POSITRON ANNIHILATION 
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We report the study of the Fermi 
surface topology, electron momentum den
sity and spin momentum density in fer
romagnetic iron using two-dimensional 
angular correlation of (polarized) positron 
annihilation radiation (2D-ACPAR) . The 
2D-ACPAR distributions in the [110] plane 
of a single crystal of iron were measured 
at 4.2K with high-resolution (0.3 X 0.5 
mrad~) apparatus using two high-density 
proportional chambers described else
where [l]. 

ln this work [2] we were mainly 
interested in the study of the Fermi surface 
(FS) topology and in the electron-pos.itron 
(e - - e+) correlation effects. This was 
achieved by comparing the experimental 
data (total momentum density as well as 
relative spin density) with distributions 
obtained using the formalism of Singh and 
Jarlborg [3], based on linear muffin tin 
orbitais (LMTO) band structure calcula
tions. 

The total momentum distributions per
formed in the independent particle model 
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(IPM) from a fully self-consistent LMTO 
band structure calculation (very similar to 
others [ 4-6]) do not give a correct de
scription of the experimental data due to 
inadequate FS topology. ln p-space, disa
greement is particularly important near 
p = O, as shown in fig . la where a line 
in the [100] direction is extracted from the 
2D-ACPAR. The integration axis lying 
along the [110] direction (r -N dir.ection), 
we can attribute this discrepancy to the 
large minority N-centred hole pocket (Jack 
of contributing states at N-point). This is 
confirmed when folding the distributions 
from p- to k-space (from Lock, Crisp and 
West (LCW) theorem [7]) , às seen in fig. 2 
along some symmetry lines of the nor
malized distributions. There are clearly 
missing states near N-point. Electron-posi
tron (e- - e+) correlation effects cannot 
explain such a large discrepancy. To get a 
correct FS description, we have performed 
a parametrized LMTO band structure 
calculation. This was achieved by treating 
the centre of gravity E11 of p-bands as a 
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parameter. Pushing down Ev for majority 
p-states by 35 mRy and that of minority ~ 
p-states by 57 mRy allowed us to obtain " 
a FS topology comparable with other 
parametrized calculations [8-10]. The 
important difference between fully self
-consistent and parametrized band struc
ture calculations concerns the size (large 
in the first case, small in the latter) of the 
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20 p(m ra d ) 

Fig. 1 - Comparison between theory and experi
ment for a line along [100] direction extracted 
from the 2D-ACPAR in the [110] plane. Dots are 
the experimental data. They are compared with 
electron-positron momentum distributions performed 
in the IPM approximation from a) the self-con
sistent LMTO band structure calculation and 

b) the parametrized one. 

N-centred hole pocket in the 3ra band of 
minority electrons. As presented in fig . 1 b, 
the 2D-ACPAR calculated from this para
metrized band-structure gives a very good 
picture of the experiment. ln k-space 
(fig. 2) the large discrepancy near point N 
of the BZ has almost disappeared, the 

remaining difference being attributed to 
(e - - e+) correlation effects as described 
below. 

N 

Fig. 2 - LCW analysis of the total momentum 
distributions of ferromagnetic Fe along some 
symmetry lines of the Brillouin zone. Experiment 
(dots) is shown together with different calculations : 

-- - - - - - - - self-consisten t IPM 
- - - self-consistent with correlations 
-- -- parametrized IPM 

parametrized with correlations 

The (e - - e+) correlation effects were 
included in the calculations using a 
Kahana type enchancement factor similar 
to the one introduced by Sob [11] and 
independently by Mijnarends and Sin
gru [12] . ln the case of Fe, the nature of 
the (e- - e+) correlation effects is found 
to resemble the ones which were observed 
by Singh et al. [13] for nickel. This con
firms the systematic trends of the (e- - e+) 
correlation effects for localized d electrons: 
the contribution of these electrons to the 
momentum density is overestimated in the 
calculations and has to be reduced. The 
s and p electrons have anyway to follow 
the usual enhancement picture. 
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A fine tuning of the enhancement para
meter was obtained only by analyzing the 
relative spin momentum density distribu
tions. This lead us to treat differently the 
correlations for majority and minority 
electron bands. Fig. 3 shows a line in the 

r. ( b ) 

c?' l--~~~---/,4-,~~~---=~~,,,,.,._....""-~..._ 
20 p (mrad) 

0,X 

z 
<l 

1 
1 

1 ,, 

Fig. 3 - Comparison of the relative two-photon 
spin momentum density of ferromagnetic Fe in 
the [110] plane. The line is in the [110] direetion . 
Dots are for the experiment. Dashed line is the 
eleetron-positron momentum distribution ealculated 
from the parametrized band strueture in the IPM 
approximation. Solid line is for the distribution 

including eorrelation effeets. 

[l 00) direction extracted from the rela tive 
spin momentum density distributions 
(experiment, IPM calculation and calcula
tion including many body effects). The 
negative value of the spin density at low 
momenta is attributed to a negative 
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polarization of s and p electrons; positrons 
are much more sensitive to these electrons 
than to d electrons, which are positively 
polarized. 
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RESONANT RAMAN SCATTERING IN METALS 
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ln the resonant Raman scattering 
process (RRS) the incident X-ray photon 
energy is just below the absorption 
threshold of the target electron. The inter
mediate state involves a virtual hole and 
in the final state there is a higher shell 
hole, an electron in the continuum and an 
emitted photon. The scattered energy 
spectrum is continuous because the photon 
and the ejected electron share the available 
energy. RRS arises from the p. A term in 
the interacting Hamiltonian which couples 
the electromagnetic field and electron, and 
the scattering cross section in the dipole 
approximation has been recently cal
culated [l], for example, in (ls,2pj) res-

onance (j = 2._ , ~ ) : 
2 2 

d2u/ (dw2 dn) = ~ [r~ w2 (!11s - !.12pj) g'2pj,ls 

(!.11s + 0) ) ]/ [2 w1 (!.11s - il2pj - w2) 2+ (r~s/ 41i 2)] r 
[dg18 / dw] !.118 + w 

where fi wi anel. fiw2 are the incident and 
scattered photon energ1es, 1iw = fiw 1 - 1tw2 

the kinetic energy of the ejected elec
tron, ti !.118 and li n 2pj are the relevant bind-
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ing energies (measured from the bottom 
of the conduction band), g2Pi.ls the oscil
lator strength of the transition between 
ls-1 and 2Pj1 hole states, dg18 / dw is the 
oscillator density and r 18 is the width of 
the ls levei. 

ln order to study the energy dependence 
of the RRS cross section a tunable X-ray 
source is required. This can now be done 
using synchrotron radiation. Scattering 
components due to the A2-term can be 
eliminated by choosing a scattering angle 
of . 90º and a linearly polarized incident 
beam. First experiments of this kind were 
made for Ni in LURE, Paris [2]. 

· ln this study synchrotron radiation 
from SRS storage ring in Daresbury, U.K., 
was used to measure RRS cross section 
for Cu 9 (1 s,np) resonance and Ho 9 (2p,ns 
&nd) resonance. lncident energies varied 
from the values - 1 ke V below the desired 
absorption edge up to the energies - 300 eV 
above the edge where fluorescence was 
excited. The differential cross section of 
RRS in Cu is shown at a few incident 
energies in figure 1. Far below the reson
ance which occurs at li w1 = 8.98 keV one 
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can see also the elastic scattering and 
K-fluorescence (excited by the harmonic 
wavelenghts passing through the mono-

Iº 

E0 = 8.985keV 

lo 
5 

E0 = 8.970keV 

>-
Iº f-

V> 100 z 
w 
f- E0 = 8.800 k e V z 

Io 
400 

E
0 

= 8.200 keV 

obtained were then used to determine the 
branching ratios and RRS yield when the 
resonance condition was approached. 

/ Kcx 
,,/- -· KM-RRS 

-:_:::=:=~:---~ ~~ASTIC LI NE 

5 6 7 8 9 

ENERGY [ keV] 

Fig. 1 - Resonant Raman spectrum of Cu at four different incident energies. The 
positions of the RRS edges, elastic scattering and K-fluorescence are shown on the 

lowest spectrum. Note the change in the vertical scale. 

chromator) components. The line shape is 
dominated by the low energy tail at low 
energies and gets narrower when the 
resonance energy is approached (see Eq. 1). 

Instead of measuring the incident pho
ton flux the experimental RRS cross sec
tion was put into an absolute scale by 
using the measured fluorescence inten
sities; the tabulated fluorescence yields 
wK and "'L [4]. This technique has been 

III 
described previously [2]. The results thus 

It is seen from Eq. 1 that the double 
differential cross-section d2u/ dndw2 is pro
portional to the oscillator density dg15/ dw. 
The spectrum of the scattered photons is 
a mirror image of the absorption spectrum. 
However, the RRS spectrum is not smeared 
by the width of the K-shell or L-shell hole, 
which makes it a potentially more sensitive 
probe than the absorption spectrum. An
other difference is seen from Eq. 1, namely 
that the RRS spectrum is a superposition 
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Fig. 2 - Fine structure of the KL-RRS in Ni measured using CuKª
1 

radiation and a 

focusing crystal spectrometer. 

of two components, at least. ln the case 
of the (ls,2pj) resonance the difference in 
energy is that between the states 2p112 

and 2p312 , and the intensity ratio is 1 :2. 
The double differential cross-section 

d2 0-/ dn dw2 of the RRS in Ni was measured 
using a focusing crystal spectrometer and 
CuKa1 - radia!ion from a sealed X-ray 
tube (3). The resolution of the spectrometer 
was about 10 eV, which was sufficient to 
reveal the fine structure of the RRS. The 
modulation of the spectrum is similar to 
EXAFS of the absorption spectrum, but 
some of the features are lost because of 
the superposition of the (ls,2p112) and 
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(ls,2p312) components. An uncorrected 
spectrum is shown is Fig. 2. 
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BINDING AND CORRELATION EFFECTS IN SIMPLE MOLECULES 
AS STUDIED BY GAS-PHASE X-RAY DIFFRACTION 

KEIKO NISHIKAWA and TAKAO IIJIMA 
D epartmen t of Chemi str y, Gakushu i n U niver si ty, T oshima-ku, T ok yo 171, J apan 

ABSTRACT - ln arder to investigate the binding and correlation effects in charge 
distribution of free molecules, total X-ray scattering intensities of N2 , 0 2 , Ne, C2H2 

and C
2
H

1 
have been measured by the use of the energy-dispersive method. Comparison 

of the measured intensities with Hartree-Fock independent-atom calculations has 
revealed the binding and correlation effects. However, the accuracy of the data in the 
smaller s-region has not been satisfactory. Some improvements have been made both 
in the experimental setup and in the analysis. 

1 - INTRODUCTION 

lnvestigation of the binding and cor
relation effects in the charge distribution 
of atomic and molecular systems has been 
extensively performed by means of high 
energy electron scattering (1, 2]. However, 
only a few studies by gas-phase X-ray 
scattering have been carried out, although 
its importance is well recognized since the 
papers by Bartell and Gavin (3, 4]. 

The present authors have carried out 
gas-phase X-ray diffraction experiments 
using the energy-dispersive method, which 
is suitable for the gaseous samples (5, 6]. 
The samples were N2 , 0 2 , Ne, C2H2 and 
C2H1 . Comparison of the measured inten
sities with Hartree-Fock (HF) indepen
dent-atom calculations reveals the binding 
and correlation effects. However, it has 
been found that the accuracy of the data 
is not sufficient for the purpose of 
measuring the intensities from gases within 
the error of about 0.5 %. ln the present 
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paper, some of the results for the samples 
mentioned above are reported and the 
improvements of the experimentation and 
analysis are presented. 

2 RESULTS AND DISCUSSION 

The diffractometer setup is shown in 
Fig. 1. ln the energy-dispersive method, 

Fig. 1 - Schematic diagram of the experimental 
apparatus. 

white X-rays are used as a primary beam 
and photons s;cattered from the samples 
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are energy-analyzed by a solid state 
detector (SSD). Because the energies of 
successively detected photons are distrib
uted over the whole energy region of 
the primary beam, the data covering a 
certain region of the scattering parameters 
(s = 47T sine / ..\ = 47T Esine/hc, 2e : scat
terring angle, ..\: wavelength of X-rays, 
E: energy of photon) are obtained in 
parallel. A sealed-off tube with a tungsten 
target was used as the source of white 
X-rays. A cylindrical gas cell with an 
inner diameter of 60 mm was used. The 
pressure of the sample was 4.0 or 5.0 atm. 
The details of the analysis of the data 
obtained by the energy-dispersive method 
are shown elsewhere [7]. 

The results for N2, O, and Ne were 
published [8]. The results for C2H2 and 
C2H, are presented here. For comparison 
a function Ã<Tee defined by 

6 

o 

T T 
Â<Tee = lexp - lHF-IAM 

2 

••• 28 = 726° 
ª 0 0 28=72.22° 
..• 28=20.16° 

6 rl}.,-1 

Fig. 2 (a) - Observed Â<Tee of C,H2 and the 
calculated ones by Breitenstein et ai. [9] (solid 

curves). 

was obtained. This is shown in Figs. 2 (a) 
and (b). The dots represent our experi
mental data and the three curves on 
Fig. 2 (a) for C2H2 are calculated results 
by Breitenstein et al. [9], corresponding 
to three leveis of approximation, namely 
HF, Cl (configuration interaction) , and 
scaled CI. ln the Cl calculation, about 
50 or 60 % of the potential energy portion 
of the full empirical correlation energy is 
represented [9]. ln the case of N2, 0 2 and 
Ne, the experimental values are in agree
ment with the CI curves rather than the 
scaled Cl or HF curves. For C2H2 a 
marked characteristic of the .~<Tee curve, 
namely, a large maximum at s = 1.8 A-1 

was observed experimentally. The theoret
ical X-ray scattering intensity of C2H1 has 
not been calculated. 

ln arder to improve the accuracy of 
the data in the smaller s-region, an effort 
has been made to find the causes of 
possible systematic errors and to remove 
them, taking the following steps: 

1) lmprovement of the gas cell. The 
window at the incident side was changed 
from a 1 mm thick polyacetal sheet to a 
0.2 mm thick Be plate and the beam 
stopper in the cell was rearranged. These 
changes decreased the background inten
sity to 1/ 10 of the previous values. 

2) Correction for the incident beam. 
This correction depends on the tube cur
rent. A change in the tube current may 
change the energy-spectrum, because 
different values of the current may cause 
changes in the amplitude of the ripples of 
the imperfectly smoothed voltage applied 
to the X-ray tube. It was proved experi
mentally that the energy-spectrum of the 
primary beam changes by 1 % when the 
tube current changes from 5 mA to 30 mA. 
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3) Estimation of the errar in the usual 
correction for the Compton scattering in 
the energy-dispersive method. The errar 
due to the appraximation in the usual 
correction was shown never to exceed 
0.2 % of the total scattering intensity and 
the details are presented in this jour
nal [10] and elsewhere [11]. 

4) Use of Banham theory instead of 
Waller-Hartree theory for the treatment 
of the Compton scattering. For the ine
lastic scattering S(s), Banham theory [12] 
for the constant scattering angle has been 
applied, instead of the Waller-Hartree 
theory, in which S(s) is calculated at 
constant momentum transfer s, and it has 
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been found that the result obtained with 
the use of the former theory is more 
reasonable. It has been found that these 
systematic errars are not so serious for 
the data at relatively large s-values 
(s > 3.5 A-1

) and that the data thus 
obtained is consistent with the previous 
measurements. 

Furthermore, a slit-height correction for 
the scattering from the samples with finite 
volumes is being examined. The slit-height 
correction for the scattering intensities 
from the samples with a very large volume 
(the inner diameter of the gas cell is 
60 mm) becomes serious also at the lower 
scattering angle. As a preliminary experi-
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ment, the scattering intensity at 28 = 8° 
obtained with apertures (2 mm X 2 mm) 
has been compared with the one obtained 
when (2 mm X 8 mm) slits were used. 
The smearing effect due to the slit-height 
is found to be 5 %. A more reliable 
experiment is now undet way. By taking 
into account this effect, it is hoped that 
the experimental Liuee curve will be im
proved in the smaller s-region. 
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RECOIL SCATTERING OF HIGH ENERGY NEUTRONS 
IN LIQUID 4He 

R. s. HOLT, L. M. NEEDHAM and M. P. PAOLI 
Rutherford Appleton L a boratory, N eutron Science Division, 

Chilton , Didco t , Oxon. OXll OQX - U. K . 

ABSTRACT- Neutron recoil scattering from liquid 4He at 4.2 K and 1.6 K 
has been observed for a momentum transfer of 150 A-1 using neutron resonance 
absorption. The experiment yielded mean kinetic energy values < KE > = 14.8 ± 3.0 
at 4.2 K and 14.6 ± 3.2 at 1.6 K. No distinct Bose condensate peak was observed below 
the À transition. Model calculations of the recoil spectra at 1.6 K indicated a standard 
deviation on a measurement of n0 of - 12 %. 

INTRODUCTION 

Liquid 4He exhibits a superfluid phase 
below 2.17 K (,\ point) and this phase is 
associated with a condensation of the He 
atoms into the zero momentum ground 
state [1]. Hohenberg and Platzman [2] 
suggested that the fraction of particles in 
the ground state, the Bose condensate 
fraction, n0 , could be measured using high 
momentum transfer inelastic neutron scat
tering. ln this regime (of high energy and 
momentum transfer) the impulse approxi
mation is approached and the measured 
recai! scattering spectra, S(Q, ê) , can then 
be directly related to the ground state 
momentum distribution, n(p), of the 
recoiling atoms. 

The techniques of neutron resonance 
absorption were used on the pulsed neutron 
source . ISIS [3] and the mean atomic 
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kinetic energy values determined from the 
widths of the inelastic recoil peak, were: 

a2 = (4/ 3) ER < KE > 

The variation in < KE > between the 
normal fluid and the superfluid is however 
small and arises mainly from the Bose 
condensation rather than from a change in 
temperature since the zero point motion 
of the atoms dominates. 

RESULTS 

Figure 1 shows the recai! scattering 
spectra below the A transition compared 
with the expected recai! line shape 
calculated using various condensate frac
tions assuming an average value for the 
kinetic energy of 14.6 K. The standard 
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deviation on the measurement of no is 
approximately 12 % which is in reasonable 
agreement with the values quoted in the 
literature which vary between 9 % and 
12 % (see Sears [4]) . A recent calculation 
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Fig. 1 -The recoil scattering spectra from •He at 
1.6 K compared with the expected recoil Iine shapes 
calculated using condensate fractions , n0 , of 
O% (--), 20 % (---) and 40 % ( ...... ... ). 

by Olinto [4], based on an analysis of liquid 
4He chemical potential data, has given a 
value of n0 (T =--= O) as low as 6.2 %. This 
is approximately 50 % lower than the 
values found in the present set of experi
ments. This indicates that data with greater 
statistical accuracy and higher resolution 
are required before the Bose condensate 
fraction can be accurately determined by 
such inelastic neutron scattering tech
niques . 

REFERENCES 

[1] LONDON, F., «Superfluids», Vol. 2, Wiley, New 
York (1954). 

[2] HOHENBERG, P. C. and PLATZMAN, P. M. , Phys. 
Rev. 152, 198 (1966) . 

[3] HOLT, R. s., NEEDHAM, L. M . and PAOLI , M . P., 
Phys. Letts. A126, 373 (1988) . 

[4] SEARS, V. F., Phys. Rev. B28, 5109 (1983). 

[5] ÜLINTO, A. C., Phys. Rev. B35, 4771 (1987). 

Portgal. Phys. - Vol. 19, fase. 3-4, pp. 363-364, 1988 



ATOMIC MOMENTUM DISTRIBUTION AND MEAN KINETIC 
ENERGY IN PYROL YTIC GRAPHITE 

M. P. PAOLI and R. s. HOLT 
Rutherford Appleton Laboratory, Neutron Science Division, 

Chilton, Didcot, Oxon. OXll OQX - U.K. 

ABSTRACT - Mean atomic kinetic energies, < KE >, have been determined in 
pyrolytic and polcrystalline graphite by deep inelastic scattering of epithermal neutrons 
(recoil scattering). The < KE > values extracted from the recoil spectra have been 
compared with phonon density-of-states model calculations. Significant differences were 
observed for < KE > values within the hexagonal layer indicating that the phonon 
density-of-states extends to higher energies than those predicted. 

INTRODUCTION 

Crystalline graphite has a hexagonal 
layer structure which exhibits strong 
anisotropic bonding effects. These can be 
readily observed by measuring the mean 
atomic kinetic energy within the layers 
and perpendicular to the layers using deep 
inelastic neutron scattering. The technique 
of resonance neutron absorption has been 
applied using the pulsed neutron source, 
ISIS [l] and the < KE > extracted from 
the FWHM of the recoil scattering func
tion S(Q, E). This is directly related to the 
atomic momentum distribution, n(p) , at 
these high energy and momentum transfers 
through the impulse approximation [2] . 

RESULTS 

Figure 1 shows the differences in line 
shape for pyrolytic graphite with the 
momentum transfer, Q, parallel and per-
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The kinetic energy values derived from Gaussian 
fits to the recoil scattering distributions for 
polycrystalline and pyrolytic graphite samples. The 
data shown are FWHM values. The results obtained 
at the WNR and KENS pulsed neutron sources 
using a similar technique are also shown together 
with the calculated values obtained from a density-

-of-states-calculation. 

Experiment <KE> K 
--

!SIS PG (1.6 mm thickness) 837 ± 30 

!SIS PG (3.2 mm thiokness) 817 ± 30 

<KE> Others: KENS [3] 825 :!:: 45 
J_ 

WNR [4] 750 ± 150 

Young and Koppel [5] 825 
----

!SIS PG (1.6 mm thickness) 1500 ± 70 

ISIS Polycrystalline Gra- 1425 ± 90 
phite 

<KE>l l Others : KENS [3] 1575 ± 120 

WNR [4] 1650 ± 150 

Young and Koppel [5] 1180 
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pendicular to the hexagonal planes . The 
< KE > values observed are summarised 
in the table and include data obtained on 
polycrystalline graphite as well as comple-
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Fig. 1 -The recoil scattering spectra from pyrolytic 
g raphite using the 4.28 e\. · resonance line in Ta. The 
momentum transfer is aligned perpendicular (o o o) 
and approximately parallel (e ·• e ) to the hexa-

gonal layers. 

mentary data obtained on other pulsed 
neutron sources using similar techniques 
[3, 4]. The theoretical model was evaluated 
numerically using the density-of-states 
calculated by Young and Koppel [5) . The 
observed values with Q perpendicular to 
the hexagonal layers are in agreement 
with this model but at variance with those 
observed with Q parallel to the layers. 
The large value for the observed kinetic 
energy indicates that the phonon density
-of-states in the hexagonal plane extends 
to higher energies than predicted by this 
and other more recent calculations [6, 7). 

The recoil line shape is also asymmetric 
and the residual differences between a 
Gaussian recoil distribution and the 
observed data have been fitted to a com
plex first-order correction term arising 
from final state effects to the impulse 
approximation [8]. The form and magnitude 
of this asymmetry are in agreement with 
those observed and lower the predicted 
recoil peak centre by 25 meV. The inclusion 
of such corrections to the impulse approxi
mation, even at these high momentum 
transfers, will become important in any 
future analysis where emphasis will be 
placed on the shape of the momentum 
distribution as well as on its width. 
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DETERMINATION OF ATOMIC MOMENTUM DISTRIBUTIONS 
BY NEUTRON 'COMPTON' SCATTERING 

R. s. HOLT and M. P. PAOLI 
Rutherf<>rd Appleton Laboratory, Neutron Science Divis ion, 

Chi lton , Didco t , oxon. OXll OQX - U.K. 

ABSTRACT-The techniques of neutron resonance absorption have been developed 
to utilise the intense epithermal flux from the pulsed neutron source, !SIS. Inelastic 
scattering experiments have been performed in t he region of high e~l-gy and high 
momentum transfers i. e. within the impulse approximation. A spectrometer based on a 
multidetector array of BGO photon detectors has been used for measurii;ig the atomic 
momentum distributions in light atoms. 

INTRODUCTION 

An inverse geometry spectrometer 
based on the (n, y) capture-emission pro
cess has been developed on the electron 
Volt Spectrometer (eVS) at the pulsed 
neutron source ISIS [l] . The multidetector 
system comprises seven bismuth germa
nate (BGO) photon detectors surrounding 
an annular foil of Ta which is used to 
define the scattered (final) neutron energy. 
. The spectrometer allows both single and 
double coincidence counting events to be 
recorded simultaneously. The sample posi
tion is lm away from the analyser foil 
and in back scattering geometry (where 
() = 175º) momentum transfers, Q, in 
excess of 100 A-1 can be readily obtained 
at the recoil scattering centre (ER). The 
combination of high energy and momentum 
transfer in such a scattering process 
satisfies the requirements of the impulse 
approximation which connects the mo-

Portgal. Phys. - Vol. 19, fase . 3-4, pp. 367-368, 1988 

mentum density of the atom, n(p) , directly 
to the measured scattering function S(Q, <! ). 

A function J(y) is obtained from S(Q, e) 

after y-scaling [2] and this is analogous to 
the Compton profile in photon scattering. 

With ISIS running at an average beam 
current of 90 µ,A recoil peak counting rates 
of 750 counts hr 1 have been obtained for 
a 2 mm thick graphite sample (5 % scat
terer) . The e V spectrometer is calibrated 
using Ta and U foils at the sample and 
detector positions . 

Figure 1 shows the results for recoil 
scattering from polycrystalline beryllium. 
Recoil peaks from the Be and from the 
aluminium holder are clearly visible and 
well separated [3]. The position of the 
recoil peak varies as Q2 / 2M, where M is 
the atomic mass, whilst the width of the 
recoil line (FWHM) varies inversely 
with M. The recoil width provides a 
determination of the mean atomic kinetic 
energy, < KE > and this can be compared 
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to calculations of < KE > using various 
models of the phonon density-of-states. 
This approach has been used recently to 

::;:, 
E 

4 

Energy tran sfer leVJ 

Fig. 1 - A typical recoil scattering spectrum from 
polycrystaline Be using the multidetector electron 
Volt Spectrometer on ISIS. Also shown is the 
recoil scattering from the aluminium holder and a 
two-term Gaussian fit. The inverse geometry 
spectrometer uses the white neutron beam and 
a Ta foi! energy analyser with a final resonance 

energy of 4.28 eV. 

determine the < KE > for pyrolytic graph
ite [4] and liquid •He [5). As the tech
nique improves it should be possible to 
obtain information about the atomic poten
tial through an analysis of the actual 
recoil line shape rather than just its 
width [6). 
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ELECTRIC FIELD GRADIENTS MEASURED ON THE SYSTEMS 
Nb-H AND Ta-H BY PERTURBED ANGULAR CORRELATIONS 

J. M. GIL, P. J. MENDES, L. P. FERREIRA, A. P. DE LIMA and N. AYRES DE CAMPOS 
Physics Department, University of Coimbra, 3000 Coimbra, P ortuga l 

Hydrogen atoms form interstitial sub
lattices when introduced in bcc Nb and Ta 
lattices, where they occupy tetrahedral 
sites [l] . Its structure is dependent on the 
hydrogen concentration and sample tem
perature. The phase-diagrams of these 
systems are known to a great extent, and 
some of the structures were determined 
by X-rays, neutron and TEM diffraction 
methods [1]. 

The Perturbed Angular Correlation 
techniques were applied successfully to 

those systems using ~i1Hf radiactive atoms 
as substitutional Pt:0bes in the metal 
lattice [2, 3]. The technique yields infor
mation concerning tne close vicinity of 
the probes, in the form of the electric field 
gradient (efg) measured at the probe 
nuclei. The efg is defined by two para
meters in PAC measurements: the interac
tion strength vQ (MHz) ex Vzz and the 
asymmetry parameter 71 = (V xx - Vyy) / Vzz . 

Although the identification of some 
known phases could be done by unique efg 

TABLE 1 

Nb-H 
Structure Ta-H 
(phase) ,(3 y e /3 

4nnn 3nnn 2nnn 

Exp. efg vQ (MHz) 350 240 480 550 430 

71 0.49 0.05 0.65 0.64 0.45 
--- ---

(a) vQ (MHz) 2593 922 2461 2584 1441 1290 

0.64 0.00 0.75 0.57 0.46 0.64 
71 
qH 0.14 0.26 0.2 0.33 

(b) rq 0.85 0.85 0.8 0.8 0.8 0.85 

qH 0.35 0.47 0.5 0.47 0.86 
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sets, the interpretation of the efg them
selves is not straightforward. Point charge 
models have been developed in the past to 
explain the efg values obtained in many 
different PAC experiments [4] . 

As the Nb and Ta metal ions do not 
contribute to the efg at substitutional sites 
due to the cubic symmetry, the usually 
applied point charge model takes into 
account only the proton charge at the 
occupied tetrahedral sites. If a screening 
effect is considered, charges lower than 
unity are used. Table l.a) presents the 
efgs calculated for various H structures 
compared to the values obtained experi
mentally. The positive charges qH neces
sary to reproduce the experimental vQ 

values are also shown. 

• bcc metal lattice atoms 

O H atom (charge qH) 

O Negative qM charge 

6. Negative q ry charge 

Fig. 1 - Position of point charges considered in 
tne improved model for H in tetrahedral sites. 

ln the present work, the point charge 
model was improved by adding negative 
charges simulating the first moment of the 
electronic charge density around the probe 

atoms. The choice of the point charges and 
their localization was based on theoretical 
calculations of the changes induced on the 
electronic charge density by the introduc
tion of a hydrogen atom in the metal 
lattice [5] . Fig. 1 shows the localization of 
the two kinds of negative charges qM 
and q considered inside each tetrahedron. 
Assuming charge neutrality there are two 
free parameters to adjust: the positive 
cbarge qH and the ratio between the two 
negative charges rq = qM/ (qM + q' )· 

The charge values that reproduce the 
experimental efgs are presented in 
table l.b). The consistency of the charge 
values used for the different H structures 
shows that the point charge model was 
substantially improved by the addition of 
negative charges. 
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HYPERFINE INTERACTIONS ANO ELECTRONIC STRUCTURE 
OF THE FeNHa MOLECULE 

JOICE TERRA and DIANA GUENZBURGER 
Centro Bras ileiro d e P esquisas Fls ica s 

Ri o de J a n eiro - Bras il 

1 - INTRODUCTION 

Fe atoms, when trapped in frozen NH~ 

matrices, react to form the molecules 
FeNH3 [l]. This species provides a model 
for the study of the interactions of NH3 
with Fe surfaces [2]. The Mõssbauer 
spectrum shows two narrow peaks of 
equal intensity, which suggests a quadru
pole interaction and a well-defined Fe site. 
The Isomer Shift measured is different 
from that of Fe atoms in rare gas matrices. 
Mõssbauer experiments in the presence of 
an externa! magnetic field reveal a large 
positive magnetic hyperfine field [3]. 

We have employed all-electron spin
-polarized Discrete Variational Method 
(DVM) in the local density approximation, 
as has been described in detail else
where [4], to obtain values for the hyper
fine parameters of FeNH3 (Fig. 1), as 
described below. 

The hyperfine parameters are: 

a) The lsomer Shift 8, which depends 
on the electronic density at the nuclear 
site: 

2 2 
8 = 4/ 5 7r Ze R (~R/R)S' (z) X ~P (o), (1) 
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where ~RIR is the relative change in the 
nuclear radius in th~ Mõssbauer transition, 
S' (z) is a correction for relativistic effects 
and ~ p (o) is the difference in the elec
tronic density at the nuclear site in two 
different chemical environments. 

THE MOLECULE Fe NH 3 
tz 

Q.Fe 

º" 0 H 

Point symmetry : C
3 

V 

Fig. 1 - Interatomic distances : 'Fe - N = 2.05 A • 
. Fe - H = 2.59 A, N - H = 1.00 A and 

' H - H = 1.61 A. 
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b) The Quadrupole Splitting óEQ, 
which depends on the electric field gradient 
produced by charge anisotropy around the 
probe nucleus. For the Mõssbauer tran
sition of 57Fe: 

óEQ = (1 / 2) e2q Q, (2) 

where q is th eelectric field gradient and Q 
the quadrupole moment of the nucleus in 
the excited state of the nuclear transition. 
ln Molecular Orbital (M.O.) theory [5], 
the electronic contribution to q is: 

q = - L ni < </>i ! (3cos2 e - 1) / r3 
1 </>i > 

(3) 

where ni is the occupation of M.O. </>i . 

c) The Magnetic Hyperfine Interac
tion, which depends mainly on the contact 
hyperfine field Hc , a function of the spin 
density at the nuclear site 

Hc = (2/ 3) g JLBS X /.. (4) 

where, in Molecular Orbital theory: 

X= 47T L ni + l i/!i t (o) l 2 -~ nJ + l .PH (o) l 2 

(5) 

II-RESULTS AND CONCLUSIONS 

The configuration for Fe which gives 
the best agreement with the experimental 
sign and magnitude of all three hyperfine 
parameters, is : 

6.90 l.OG 0.12 
Fe: 3d 4s 4p or 

3d
4.90 d2.00 4 0.76 0.30 4 0.10 4 0.02 

Fe: t 3 • s t 4st P t pt 

This configuration is similar to that found 
for Fe in the Fe2 dimer [6]. 

A small negative charge (- 0.08) is 
found for Fe, consistent with the lone-pair 
donation from the N atom. 

TABLE 1 - Experimental data and calculated 
values. 

Calculated Experimenta l 

(E. M. B. Sai tovitch , J . T er ra 
and H . Litte rst, unpublished) 

8 (mm/ s) + 0.558 + 0.67 

- 2.0 

+ 800 

óEQ (mm/ s) -- 3.36 

Hc (kOe) + 980 

ln Table 1 the experimental data and 
the calculated values for the three hyper
fine parameters are shown. The large 
positive contact hyperfine field Hc is due 
mainly to the large 4s ( t) population, 
rela tive to 4s ( + ) . 
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ELECTRONIC STRUCTURE AND ISOMER SHIFTS OF Sn HALIDES 

JOICE TERRA and DIANA GUENZBURGER 
Centro Brasileiro de P esquisas F lsicas 

Rio de J aneiro - Brasil 

l - lNTRODUCTION 

. The lsomer Shift 8, as measured by 
Mõssbauer spectroscopy, depends both on 
a . nuclear factor and an electronic fac
tor [l] : 

2 2 
8 = 4/ 5 7T Ze R (AR/ R) S' (z) X Ap (o) , 

(1) 

where AR/ R is the change in the nuclear 
charge radius for an uniform charge distri
bution of R = 1.2 X Al/3 fm in the 
Mõssbauer nuclear transition, S' (z) is a 
correction for relativistic effects [2] and 
A p (o) is the difference between the elec
tronic density at the nucleus in the probe 
atom in two different environments. ln 
Molecular Orbital (MO) theory: 

Ap (o) = L ni 1 rf i (o) 1 : - L nj 1 rfj (o) 1 ~ 

(2) 

where A and S refer to absorber and 
source and the summations are over the 
molecular orbitals rfi occupied by ni elec
trons. 

The electronic factor Llp (o) can give 
important information about the electronic 
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structure and chemical bonding. However, 
the qualitative and quantitative interpre
tation of this in~ormation requires a re
liable value for the· nuclear factor (ÃR/ R) . 
For 119Sn, a number of determinations of 
ÃR/ R have been made, but unfortunately 
there has been no general agreement on 
its value [3] . ln this work a new value 
of AR/ R is presented for m sn. We have 
employed the Discrete Variational Method 
(DVM) LCAO Molecular Orbital method 
in the local density approximation, as has 
been described in detail elsewhere [4] , to 
perform electronic structure calculations 
of clusters representing four compounds of 
Sn, namely SnX1 (X = F, Cl, Br and l) . 
ln the M. O. calculations all electrons are 
taken into account, a Mulliken-type ana
lysis is performed and an embedding 
scheme is used to simulate the crystal 
outside the cluster. We have derived .6.R/ R 
in Eq. 1, by combining experimental 
measurements of 8 in the four crystals 
studied, with the corresponding calculated 
values of p (o) , as in Eq. 2. 

II - RESULTS AND CONCLUSlONS 

The very good correlation between p (o) 
and 8 (Fig. 1) obtained for the four clusters 
demonstrates that the method is adequate 
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for calculations of electronic densities at 
the origin. 

• 20 

.,_.,o 

! 
"' 

00 
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Fig. 1- Isomer Shift x p (o) for Sn halides. 
a) Experimental values from Reference [1]. 

Related to Sn02 • 

The increase in p (o) along the series 
F, Cl, Br and 1 is due mainly to an increase 
in the 5s population of Sn, since only s 
functions penetrate the nucleus, in a 
non-relativistic approach. 

The increase in the 5s population of Sn 
along the series follows the decrease in 
the positive charge on Sn, as expected 
from consideration of the decrease in elec
tronegativity of the halogens . 

The value of D.R/ R derived for 119Sn is: 

ClR/ R = + 2.20 X I0-4 
with R = 1.2 X Al/ 3 fm . 
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LOCALIZATION OF ATOMIC IMPURITIES IN MINERALS 
BY PRECISION X-RA Y DIFFRACTION DATA 

V. S. URUSOV, E. L. BELOKONEVA 

Moscow State University, Geological Faculty, Moscow 

Fast improvement of X-ray diffraction 
experimental techniques and treatment of 
the data have permitted to make a precision 
study of the crystal structure details and 
peculiarities of electron density distribution, 
i. e. chemical bond features. A previous 
paper, demonstrating the principal possi
bility of localization of a small amount of 
impurity in a structure by careful analysis 
of 8 p-maps, dealt with ruby structure 
investigation [l). The structure position of 
a small amount of ca+ (0,5 wt % ) was de
tected. Using such an approach we studied 
three spinels: 1) noble MgAl 20 , (0,8 wt % 
Fe) [2] ; 2) hercynite [3]; 3) synthetic 
Co-spinel (*) and five beryls; 4) practically 
pure beryl [4]; 5) aquamarine (2,4 wt % 
Fe); 6) smaragd (0,3 wt % Cr, O, 3Fe, 2, 

OMg), synthetic; 7) Co- (1,1 wt %) and 8) 
Cu- (1,8 wt %)-bearing beryls. The experi
mental data were obtained with a «Syntex» 
Pl diffractometer; the structures were 
refined using an «Eclipse-S/ 200» computer 
with INEXTL-programs. The reliability fac
tors R, Rw and goodness-of-fit S for high
-angle region of reciprocal space are given 
in Table 1. The structural positions of 
small amounts of impurities are important 
for physical properties interpretation, 
especially magnetic and spectral ones. The 
8 p -maps allowed to detect chemical bond 
peculiarities in spinels as well as in 
ring-silicate beryl. 

(*) The experimental data were kindly sent 
by prof. Y. Saito. 

TABLE 1 

Sam pie 

1) 2) 
1 

3 ) 4) 5 ) 6) 7) 8) 

R, % 0.77 0.88 1.07 0.73 1.17 1.31 1.08 1.44 

Rw, % 0.96 1.35 1.52 0.79 1.40 1.49 1.02 2.33 

s 1.008 1.358 0.881 1.020 0.933 1.010 1.076 1.596 
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SUPERCONDUCTIVITY AND ZERO-POINT MOTION 

R. J . WEISS 

Department of Phys ics , King' s College London 
Stra nd, London WC2R 2LS 

At temperatures nominally associated 
with superconductivity the quantum 
mechanical zero-point motion in solids 
accounts for the bulk of the deviation of 
atoms from a perfect mathematical lattice. 
The electron clouds follow this motion 
except possibly the overlapping electrons, 
i. e. those associated with bonding and 
electrical conduction. 

Very little is known about zero-point 
motion even though there are experimental 
techniques for measuring it. A quantum 
mechanical treatment including both nuclei 
and electrons is beyond our capability 
when one wishes to include anharmonicity 
and both electron and nuclear correlation. 
The electron charge determines the zero
-point motion and the zero-point motion 
determines to a great extent the outer elec
tron charge. Separation is not simple. (We 
may find, in fact, that many more solids 
would be superconducting if the zero-point 
motion were absent.) 

Superconductivity is a long range 
cooperative and correlated steady state of 
the entire system which phonons and 
magnetic fields only tend to destroy. 

The salient experimental details piece 
this picture together. 
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l. While the Hund's rule prefers 
unpaired electrons for open shell on free 
atoms, bonding of atoms energetically 
favours spin-pairing for the overlapping 
electrons. ln the 4f elements, Hund's rule 
is still dominant because the 4f electrons 
do not overlap. Some vestige of Hund's 
rule remains in Cr, Mn, Fe, Co and Ni 
where the 3d electrons divide into two 
groups- an overlapping group anda tightly 
bound group, the latter being unpaired. The 
Cooper pairs are a manifestation of pairing 
in overlapping orbitais. 

2. The lambda-type anomaly in the 
specific heat of a superconductor suggests 
a long-range interaction. 

3. The Meissner effect suggests long
-range interactions. The ability of the 
surface layer of electron orbits to sacri
ficially enter a «normal» state with suf
ficient diamagnetism to exclude -the 
magnetic field from the interior implies 
long range interactions of at least the 
thickness of the Meissner layer. 

4. The relative absence of super
conductivity in elements with predominant 
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s-like character in the overlapping elec
trons suggests a difficulty in correlating 
their motion with the zero point motion. 
The preference for d-like character in the 
current carriers comes from the more 
atomic-like nature of the d wave functions 
enabling them to more readily correlate 
with the zero point motion. 

5. The specific heat is independent of 
whether current is flowing in the super
conducting state. This suggests that micro
current circuits are already present, as 
indeed one encounters in, say, the benzene 
ring. The quantum mechanical ground state 
arises from a well-correlated long range 
electron and zero-point motion. The 
absence of the linear term in the specific 
heat reflects the presence of an energy 
gap and the remova! of the electron clouds 
from such thermal excitations. 

6. The marked reduction in thermal 
conductivity in the superconducting state 
reinforces the concept of a quantum 
mechanical ground state in which the 
valence electrons and the zero-point motion 
are collectively joined and correlated. 

7. The «presence» and «absence» of 
an isotope effects is consistent with the 
zero point density of states. For acoustic 
modes we expect an effect but for optiq~l 
modes in the more complicated structures 
the effect may be diminished. 

8. The change in Te for lanthanum, 
mercury, and uranium in their two crys
talline states may be due to the altered 
zero point density of states. 

9. lt is clear that superconductivity is 
absent where there are unpaired species 
in the lattice such as in the rare earths 
beyond lanthanum and the transition 

metals like Mn, Cr, Fe, Ni, Co. Such 
unpaired spins destroy the perfect pairing 
of valence electrons due to exchange 
effects. 

To gain a deeper insight into the nature 
of the coupled valence electron-zero point 
motion a number of experiments are 
feasible. 

A. The Debye-Waller factor can be 
compared in the normal and superconduc
ting state by examining the X-ray inten
sities at high sinB/ A ( > 3/ A). This can 
be done in an energy dispersive mode. 

B. Compton scattering through Te 
might reveal changes in the valence elec
tron wave functions. 

C. X-ray scattering factors at low 
sinB / ,\ might reveal changes in the 3d 
character of the wave functions. 

D. Neutron Compton scattering 
through Te , using the spallation source, 
would reveal changes in the zero point 
nuclear momenta. 

E. X-ray elastic scattering through Te 
looking for correlations in the zero-point 
atomic displacements, i. e. short range 
order in the superconducting state. 

F. Changes in Te under pressure 
should drive the ratio of 3d to 4s character 
in the valence electron wave functions one 
way or another. 

G. Search for Te in eFe (non magnetic 
hexagonal phase) by applying pressure. 

H. · Changes in optical properties, n 
and k, through Te . The Raman effect will 
reflect some details of zero-point lattice 
motion. 
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J . Precise dilatometric measurements 
through Te . Changes in electron wave 
functions or zero point interactions will 
probably be revealed in changes in lattice 
parameter. 

While a commercially viable room 
temperature superconductor may appear 
before an extensive research effort is made 
in examining the zero-point motion, it is 
likely that such experimental details will 
make the problem seem curiouser and 
curiouser. 

ln the case of vanadium (Te = 5.03ºK) 
the ratio of zero-point motion to phonon 
thermal motion, i. e. the mean square 
displacement < u2 > is given in the Table 1 
as a function of T. 

TABLE 1-The ratio of the mean-squared a tomic 
displacement of the zero-point (o) and phonon (p) 
activated motion based on a Debye model for 

vanadium (Te = 5.03ºK) 

TºK < u 2 > o/<u2 > P 

5º 950 

20º 59 

50º 9.5 

100º 2.4 

If phonons only account for such a 
small fraction of the atomic displacement 
at the superconducting criticai tempera
ture, why are they so effective in de
stroying the superconducting state? The 
answer may lie in the long range nature 
of the superconducting state, i. e. only 
small displacements are needed to destroy 
the order. 

This may not be the case in high 
temperature superconductors where the 
order is more one dimensional, particularly 
if the electron wave functions are cor
related with zero-point optical modes 
which require much higher temperatures 
for thermal excitation. 

It may be that in a «one-dimensional» 
superconductor, depending on the correla
tion of electron and zero-point motion, the 
destruction of the long range order at the 
superconducting transition temperature 
may lead to an insulator since other paths 
for normal conduction · are not activated. 

ln summary, we are suggesting that 
superconductivity is a manifestation of a 
quantum mechanical ground state wave 
function in which the valence electrons 
and zero-point motion are correlated, and 
that a variety of measurements are feasible 
to compare the zero-point motion in the 
normal and superconducting states. 
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ABSTRACT- The elementary theory of electron densities in crystals and its 
relationship with other observables is reviewed, with emphasis on the eff~.cts of electron 
correlation. 

Photon-scattering experiments yield 
important information on the ground-state 
wave function via the one-particle density 
matrix. ln particular, the electron densitie.3 
in position and momentum space (often 
called charge and momentum densities) 
can be measured with high accuracy, such 
that many-body effects (or the inadequacy 
of available theories to deal with them) 
can be clearly resolved (see e. g. [32], [5]). 

The theory of density matrices and 
electron densities of the inhomogeneous 
electron gas is well established. Standard 
textbooks and review articles on many
-body physics usually do not dwell upon 
this subject in depth, however. The present 
tutorial paper is hoped to fill this gap by 
showing how such concepts as the one
-electron Green function, standardly used 
in spectroscopic studies, carry over to the 
problem of electron densities in crystals. 
On the other hand, some connections 
between effects observed in the electron 
densities and those observed by some 
other experimental techniques should 
become clear. As far as is needed for the 
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critical comparison of experiment and 
theory, an attempt is made to give a 
self-contained and complete treatment of 
the theoretical concepts and methods 
involved. 

Charge and momentum densities are 
manifestations of the one-particle density 
matrix, as described in Ch. 1. We will 
point out the interrelationship between 
these quantities and stress their comple
mentarity, which provides the main motiv
ation to measure them both. 

The electronic band structure (as 
obtained from photoemission experiments) 
and the ground-state charge densities seem 
to be rather unrelated quantities. However, 
they are both special projections of the 
one-particle Green function, an important 
concept in many fields of solid-state 
physics. ln Ch. 2 it is outlined how, by 
introducing the one-particle Green func
tion, a unified treatment of the electron 
densities and the results of various other 
experiments can be achieved. 

The prototype model for a metal is the 
homogeneous electron gas. The interaction 
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effects in this system are relatively well 
understood (17], [36], [7] . The discussion 
of its spectral properties in Ch. 3 should 
be helpful in understanding the experimen
tal results found in realistic metals. 

ln Ch. 4 a short review of density
-functional theory is given, upon which 
most numerical calculations of the elec
tronic structure of solids are founded . 
The so-called local density approximation 
to the exchange-correlation energy func
tional of the charge density is usually 
invoked. It is shown that the adequacy 
of the approximations can be judged by 
comparing experimental and theoretical 
electron densities only if certain exchange
-correlation corrections are taken into 
account. 

1 - DEFINITIONS 

The N-particle density operator is 
defined as [9] , (3 8]: 

pN = e- /iH / TrNie- f3Hr (1) 

where (3 = l / kBT is the reciprocal thermo
dynamic temperature, H is the N-particle 
Hamilton operator and TrN denotes the 
trace over a complete N-particle basis . 
At zero temperature and for a non-degen
erate ground-state wave function [ 'l'o >, 
Eq. (1) reduces to 

~ N , i 
P = [ 'fro > < 'fro • (2) 

The one-particle density operator is 
obtained as the trace of the N-particle 
density operator with respect to a (N - 1 )
-particle basis: 

The one-particle density matrix D(i, i') 
consists of the matrix elements of p 1 for 
a given basis of one-particle wave func-

tions i 1 i > ~· The position-space density 
matrix is obtained, for example, as 

') 1 ~ 1 1 I > D(r, r = < r 
1 

p r , (4) 

and the momentum-space density matrix 
is a double Fourier transform of Eq. ( 4): 

D(p, p') = (27T) dr X f - 3/ 2 

X J (27T) - 312 dr' e - ipr e ip'r' D(r, r') (5) 

where p is the electron momentum divided 
by li . Alternatively the density matrix 
can be defined as the ground-state expec
tation value of a pair of creation and 

annihilation operators. If ~+ (r), i (r) create 
or annihilate a particle at a point r : 

D(r, r') = < 'fr0 1 if; + (r') f (r) l 'fro >. (6) 

The diagonal parts of D may be referred 
to as electron densities. Of special import
ance are the the experimentally observable 
electron densities in position and m0men
tum space, D(r, r) = P (r) is simply the 
probability density of finding an electron 
at the position r . The electron density in 
momentum space D(p, p) = P (P) is the 
probability density for an electron to have 
a momentum p. 

The one-particle density matrix is 
diagonalized by the so-called natural 
orbitais tf!s [25]: 

D(s, s') = f5 ôs, s' · (7) 

The electron density in this space is ident
ical to the so-called occupation numbers 
(O ::=:; fs ::=:; 1, ~ f

5 
= N) and specifies the 

density matrix completely. ln position 
space we get: 

D(r, r') = :S < r 1 s > f 5 < S [ r' > = 
s 

= ~ fs tfs (r) tf;~ (r') · 
s 

(8) 
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ln the Hartree-Fock approximation the 
occupation numbers are exactly 1 for 
occupied orbitais and O for unoccupied 
orbitais; in the homogeneous electron gas 
they are identical to the momentum-space 
electron density. 

According to Hohenberg and Kahn [19], 
a one-to-one mapping exists between the 
position-space density (or momentum-space 
density [18]) and the Hamiltonian of the 
system. ln principie the complete density 
matrix can be reconstructed from the 
position-space density alone via a well
-defined algorithm [3]. But in general, 
position and momentum operator eigen
functions do not diagonalize the density 
matrix and the information lost in the form 
of the non-diagonal elements cannot be 
retrieved in any simple way. The position
-space density and the momentum-space 
density thus provide complementary infor
mation on the density matrix, although an 
exact reconstruction continues to be 
impracticable even when both densities are 
available. 

We shall often refer not to the den
sities themselves but to their Fourier 
transforms, i. e. the so-called form fac
tors, which are more directly related to 
the experimental data. The form factor of 
the position-space density is defined as 

F(q) = J dre - iq.r p(r) = JdpD(p,p - q). 

(9) 

The second equality follows from the 
convolution theorem for Fourier trans
forms . The form factor of the position
-space density is thus the autocorrelation 
function of the density matrix in momentum 
space. For a periodic system Eq. (9) is 
non-zero only when q is a reciprocai 
lattice vector. The moduli of the form 
factors are the observables in a Bragg 
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diffraction experiment and are also referred 
to as structure factors if normalized to the 
number of electrons in the unit cell. 

The Fourier transform of the momen
tum density, that is the so-called reciprocai 
form factor B(r), reads analogously: 

B(r) = J dp eip.r P(p) = J dtD(t,t - r), 

(10) 

and may be interpreted as the autocor
relation function of the position-space 
density matrix [44], [39]. The reciprocai 
form factor has been extensively used to 
interpret experimental data obtained in the 
form of the Compton profile: 

J11(q) = fdpp(p)8(q - p · h) , (11) 

where h is a unit vector determined by 
the experimental scattering geometry. It 
holds that 

B(rh) = dq J 11 (q) e . f 
- irq 

(12) 

The reciprocai form factor is especially 
useful in discussing results for insulators 
where the wave functions are more or 
less localized. ln this case the autocorrela
tion of the density matrix is short-ranged 
and reflects the bonding or overlap interac
tions between the fundamental building 
blocks of the crystals. These effects are 
easier to recognize in position than in 
momentum space, i. e. in B rather than in J. 

At the end of this section we would 
like to mention two recent developments 
in connection with the density matrix 
concept. Schülke [40] and Schülke and 
Mourikis[41], have introduced a technique 
to measure the non-diagonal elements of 
the density matrix in momentum space·: 
Since perfect crystals are necessary; 
these experiments have been carried 
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out for silicon only. Mass et al. [29] 
have fitted an idempotent (i.e. D2 = D) 
density matrix to accurate experimental 
position-space densities. This approach is 
interesting since there is no a priori reason 
for the density matrix thus obtained to be 
worse than that constructed from the sol
utions of the Kohn-Sham equations (see 
Ch. 4). A systematic improvement of the 
method to include correlation effects such 
as non-integer occupation numbers seems 
unattainable, however. 

2 - INTERRELA TIONSHIP BETWEEN 
ELECTRON DENSITIES AND 
BAND STRUCTURES 

The discussion of this section is cen
tered on the one-particle Green function 
(see e. g. Hedin and Lundqvist [17], or 
textbooks li.ke Inkson [20]), which in posi
tion space reads: 

G(r, r'; t) = 

= - i < 'to \ Ti ~ (r; t) ~+ (r'; O) r \ 'to >. 
(13) 

- A iHt/ li A - iHt/ /i 
i = v- 1, .p(r; t) = e .p(r) e and T 
denotes the fermion time-ordering operator: 

Ti f (r; t) ; + (r'; on = -- l ~ (r; t) ~ + (r' ; O) t > O 

- f + (r'; O) ~ (r; t) t ~ O 
(14) 

lt follows directly that the density matrix 
is obtained from the Green function in the 
limit where t approaches zero on the nega
tive time axis 

D(r, r') = (l / i) lim G(r, r'; t) . (15) 
t ... o-

The Green function can be represented 
with respect to arbitrary one-particle bases, 
analogously to the density matrix. 

It is usually advantageous to work with 
frequency instead of time variables. If a 
Green function is defined in the energy 
domain as 

i UI t/fj 

G(r, r'; oi) = f dt e G(r, r'; t) , (16) 

it follows, using Eq. (14), that 

-iWt//i 

D(r, r') = lim [ (l / 27ri) dw G(r, r' ; w) e 
t+O - J c 

(17) 

where the integration contour C runs along 
the real axis and is closed in the upper 
half of the complex plane. 

The Green function in the frequency 
domain can be expanded in terms of the 
complete sets of (N + 1)- and (N - 1)-par-

ticle wave functions i ! 't~+ 1 > r and 
N- 1 

i 1 '1' n > ~. assuming for the moment 
that the excitation spectrum is discrete : 

N+ l N+ l * 
G( '· ) = ~ cfin (r) cfin (r) 

r, r , w L; + 
EN+ l + EN + . 0 w - n O 17) 

h EN± l . h f h h w ere n 1s t e energy o t e n-t 
excited state of the N + 1 particle system 
and 7J is a positive infinitesimal constant. 

N+ l N+ l A N 
<fi (r) = < 'tn j .p + (r) ! '1ro > (19) 

N- 1 N- 1 A N 
<fi (r) = < '1'n \ .p (r) j 'to > (20) 

are called quasi-particle and quasi-hole 
amplitudes [21]. Note that these functions 
are not normalized to one but that 

O ~ f~ ± l = J dr \ </i~ ± l (r) \2 ~ 1. 
(21) 
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Substituting Eq. (18) into Eq. (17) and 
collecting the residues of the poles inside 
the contour C: 

D(r, r') = L </>~ - l (r) <P~ - l (r') *. (22) 
n 

The physical information in the Green 
function is thus hidden in its singularities : 
the position of the poles on the energy axis 
give the excitation spectrum, while the 
residues determine the density matrix. 

The Green function can be calculated 
in principie via the following matrix 
(«Dyson») equation: 

. - 1 
G(w) = (w - h - !(w) + I17sgn(w - ,µ )) , 

(23) 

where h is the sum of the kinetic and 
potential energy, sgn(x) denotes the sign 
of x, and /l· is the chemical potential or, 
in a metal, the Fermi energy. Since the 
self-energy ! can be expressed as a func
tional of G [31], Eq. (23) is a self-con
sistency problem. The location of the poles 
of the Green function may be found by 
diagonalization of the matrix in Eq. (23). 
It is helpful to consider the eigenvalue 
problem of the inverse of the Green func
tion in position space, that is the so-called 
quasi-particle (hole) equations: 

2 2 i - (ti, / 2m) V + Y ext (r) ~ </>i (r; w) + 
+ J ! (r; r'; w) c/>i (r'; w) dr' = Ej (w) c/>s (r'; w) 

(24) 

Note that Eqs. (24) are in appearance very 
similar to a one-particle Schrõdinger equa
tion, but contain an effective potential in 
the form of the self-energy which describes 
the many-body effects. The poles of the 
Green function are at those energies w8 

where the energy argument in the self-
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-energy agrees with one of the eigenvalues 
of the quasi-particle equations: 

(25) 

The residues of these poles are by defi
nition, assuming cf>s = cf>i (w8 ) to be normal
ized: 

Res i G(r, r'; w8 ) ~ = 

lim (cu - w8 ) G(r, r'; w) = 
W__,.. Wg 

- . ' * - Z 8 </>s (r) cf>s (r) . (26) 

ln the last step a non-degenerate spectrum 
has been assumed and the renormalization 
factor Zs has been introduced: 

f cl!(r,r' ;w) * _1 Z8 = [l - dr dr' </>s (r) cf>s (r') ]8 ~ () (J) 

(27) 

where the energy derivative has to be 
evaluated at w = w8 • The density matrix 
thus becomes 

Ws ~ J..t 

D(r, r') = L Res i G(r, r' ; w
8

) ~ = 

(28) 

* Zs c/>s (r) </>s (r') 

We see that the renormalization factors 
can be interpreted as occupation numbers 
which may be fractional because of the 
energy dependence of the self-energy. ln 
the Hartree-Fock approximation the self
-energy is energy-independent and the 
occupation numbers can assume integer 
values only. Eq. (28) is very similar to the 
natural orbital expansion in Eq. (7). 
Unlike the natural orbitais, the present 
functions are not orthogonal because the 
self-energy is energy-dependent. 
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A complication neglected up to now is 
the fact that in macroscopic systems the 
energy spectrum is continuous which 
modifies the analytic properties of the 
Green function. ln this case it is advan
tageous to introduce the spectral density 
function A: 

A(r, r'; w) = 

l <f>~ + l (r) 9~+ l (r') * ll(w - w~+ l) + 
s 

+ ~ N - 1 N - 1 , * N - 1 (29) L.J <f> s (r) </>s (r) ll(w - w8 ) • 

s 

While A is a sum of ll -functions in the case 
of a discrete spectrum, for extended wave 
functions füe spacing between the excit
ation energies becomes infinitely small 
and A becomes a continuous function. The 
Green function can be expressed in terms 
of A: 

G(r, r'; w) = f" .. dw' iA(r, r'; w) / 

/ [(w - w') + i17sgn(w' - p.)] r· (30) 

It can thus be seen that the simple poles 
which characterize the Green function for 
finite systems merge to branch cuts, i. e. 
finite singularities when the spectrum 
becomes continuous. The density matrix 
can be obtained as an energy integral over 
the spectral function : 

D(r, r') = J :.., dw A(r, r'; w) (31) 

Fortunately the conceptually convenient 
picture of orbitais and energies as derived 
for the discrete spectrum can be restored 
to some extent if the spectral function can 
be analytically continued into the complex 
plane. A spectral feature in the form of a 
Lorentzian with halfwidth r corresponds 
to a simple pole at a distance r from the 
real axis (and vice versa). This can be 
interpreted as an elementary excitation 

( «quasi-particle/ hole») with a finite life
time which is inversely proportional to the 
width of the spectral peak. ln the quasi
-particle approximation it is assumed that 
the prominent features in the spectrum 
may be replaced by complex poles. The 
quasi-particle equations now consist of the 
following non-hermitian eigenvalue prob
lems [34] : 

2 2 l i - (ft / 2m) V + V ext (r) r <Ps (r) + 

+ f ~ (r; r'; w) </> ~ (r' ) dr' = "'s cp~ (r) (32a) 

2 2 r 
i - (ft / 2m) V + V ext (r) r </>s (r) + 

+ J ~ (r'; r; w) </>~ (r') dr' = w8 <f>~ (r) (32b) 

and the density matrix is constructed as 
follows : 

Re(w8 ) S p. 
D(r, r') l Z 8 </>~ (r) </>~ (r') 

(33) 

Z [ f 1 cl ~ (r, r' ; w ) r - 1 
s = 1 - dr dr' <Ps (r)-~<Ps (r')] . 

(34) 

The eigenvalues of Eqs. (32) form a band 
structure when the externa! potential is 
periodic. Within the assumption of analytic 
co tinuity of the spectral function they 
form a rather rigorous justification for 
treating the many-body problem as a set 
of one-particle Schrodinger equations [34]. 
But we would like to stress here that the 
solution of the band structure problem 
only gives the excitation spectrum and, if 
the complex part of the poles are included, 
the broadening of the spectral peaks . If 
the densities are to be calculated, the 
renormalization factors play an essential 
role and it is not sufficient to consider the 
amplitudes <f>s only . 
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3 - HOMOGENEOUS ELECTRON GAS 
AND EXPERIMENTAL SITUATION 

The homogeneous electron gas is a 
convenient model system for the simple 
metals, i. e. metals which do not contain 
d or f-type valence electrons. While this 
system is of course of no use for discussing 
charge densities, it is a fairly adequate 
model for the momentum densities of 
simple metals. 

The momentum density for the interac
ting homogeneous electron gas has been 
calculated for the first time by Daniel and 
Vosko (1960) [8], but we would like to 
focus attention on the work of Lundqvist 
(1967, [27), 1968, [28]), which is especially 
illuminating because the spectral function 
is given explicitly and reproduced here in 
Fig. 1. A(k, w) is the Fourier transform of 
Eq. (29) for the homogeneous electron gas 
and can be interpreted as the generaliz
ation of the free-electron parabola to an 
interacting system. We observe two strong 
features in Fig. 1 which run approximately 
parallel. The upper curve corresponds to 
the quasi-hole/ quasi-particle excitations, 
which display a significant broadening. ln 
the absence of the electron-electron interac
tion this feature reduces to a o-function 
with a free electron dispersion in the 
k, w-plane. The lower parabola is a pure 
many-body phenomenon, i. e. it vanishes 
when the interaction is switched off. lt has 
been interpreted as an elementary excit
ation which arises due to the coupling 
between a hole and the plasmons of the 
system and has been dubbed «plasmarom>. 
Experimentally, analogies of the plasmaron 
could be identified as satellite bands in 
core-hole spectra (see e. g. Almbladh and 
Hedin, [l), but it seems to be elusive in 
valence-band spectra. The sharpness of 
the plasmaron feature in Fig. 1 might be 
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an artifact of the random-phase approxi
mation employed by Lundqvist, because 
the finite lifetime of the plasmon is 
neglected. While in a better approximation 
the plasmaron might thus be less well 
defined, there is little doubt concerning 
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Fig. 1 - The spectral weight function of the 
homogeneous electron gas, given by levei curves 
which indica te the value of fimP A (k, '") for an 
electron density r s = 4 (."p = 0.435 Ry from [27)) . 

the existence of low energy excitations 
with significant oscillator strength (renor
malization constants). 

The corresponding energy density of 
states and momentum densities are dis-
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played in Figs. 2 and 3. The contributions 
from both types of excitation described 
above are also roughly sketched. The 
quasi-hole contributes only up to the Fermi 
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wave vector. The discontinuity of the 
momentum density at this wave vector is 
thus identical to the renormalization con
stant zk . It is clear that the quasi-particle 
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Fig. 2 - The energy density of states of the homogeneous electron gas for different 
densities. The dashed curve is the result of one-electron theory and the energy zero 

is at the Fermi levei. The plasmaron contribution is shaded (from [27]). 
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Fig. 3 - The electron momentum distribution of 
the homogeneous electron gas for different den
sities. The dashed curve is the result of one-elec
tron theory. The contribution from the plasmaron 
is approximately given by the shaded area for 

the case r s = 4 (from [27]). 

alone describes the momentum density 
poorly, even when the renormalization is 
taken into account. The plasmarons con
tribute by a slowly varying background to 
the momentum density, up to momenta 
significantly beyond the Fermi wave 
vector. 

The complementarity of photoemission 
and Compton scattering can be described 
as follows . The former experiment provides 
information on the location of the G11een
-function poles, while the latter sam:ples 
the magnitude of the residues . Fur
thermore, the densities are obtained by an 
energy integration over the spectral func
tion and very broad f eatures which cannot 
be seen in emission spectra may contribute 
signif icantly. 
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The spectral function can in principie 
be obtained completely by electron or 
photon scattering experiments in which 
the recoil electron is measured in coinci
dence with the scattered electron or 
photon. Though ideally suited in principie 
for observation of the above mentioned 
many-body effects, these so-called (e, 2e) 
or ( y, ye) resp. (X, Xe) spectroscopies are 
very difficult to carry out in condensed 
matter systems. Some progress has been 
made, however [13]. 

4 - DENSITY-FUNCTIONAL THEORY 

After the general discussion of the 
electron densities and their interrelationship 
with other properties, we now tum to the 
problem of how to calculate them in prac
tice. We will not dwell upon the numerical 
problems but concentrate on the con
ceptual background of modem band struc
ture calculations. For the present purposes 
we may limit ourselves to the density
-functional theory of Hohenberg and 
Kohn, [19], and Kohn and Sham, [22]. 
If its predecessors such as Hartree-Fock
-Slater or the Xa methods [37] are included, 
density-functional theory in the local den
sity approximation is practically w ithout 
contender as far as accurate electron den
sities in metais are concemed. (As a 
notable exception we would like to mcntion 
Hartree-Fock calculations of the Torino 
group, e. g. Dovesi et ai., [10]. For details 
on the subject not treated here we refer to 
recent reviews, [23], [43] , [6]) . 

4.1 - Hohenberg-Kohn theorem 

The celebrated theorem of Hohenberg 
and Kohn [19] states that, for a given 
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particle number N, an energy functional 
of the charge density E[ p] exists which 
obeys the minimum principie 

E[p] :::;; E0 ; E[p 0] = E, (35) 

where Eu and po are the ground-state 
energy and charge density. We will not 
repeat the original proof of Eq. (35) here. 
Instead consider the concrete formulation 
of the functional as suggested by Levy 
[24]: 

E[p] = min < 'li p 1 T + Yee ! "o/ p > -+· 
1-.v p r 

+ J dr Vext (r) p (r), (36) 

which holds for a system described by a 
Hamiltonian which consists of kinetic 
energy T, electron-electron interaction Yee 
and the potential of the atomic nuclei vext. 
ln the first term on the left-hand side a 
search for a minimum expectation value is 
carried out. The set denoted by i 'V P r in
cludes all (triai) wave functions which have 
the proper permutation symmetry and 
particle number and which correspond to 
the charge density p in the argument of 
the energy functional. lt is easily seen that 
Eq. (36) indeed obeys Eq. (35). 

The minimum principie (35) is equiv
alent to the variational principie 

8~ E[p] - µ f dr p (r) ri r=ro = O, (37) 

where the Lagrange multiplier of the par
ticle number constraint µ = () E0 / () N is the 
chemical potential of the system. If E[ p] is 
known with sufficient accuracy, the sol
ution of (37) yields the ground-state 
charge density and energy. 

Direct computation of Eq. (35) is of 
course impractical and one has to resort 
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to approximations. The so-called local den
sity approximation 

E[p] =:: J drp(r) e (p(r)), (38) 

where f, ( p) denotes the energy (per elec
tron) of the homogeneous electron gas of 
density p, has a long tradition, [42], [11]. 
The accuracy of Eq. (38) is unsatisfactory, 
however, mainly because of the strong 
non-local character of the kinetic energy. 
This drawback has been · remedied by 
Kohn and Sham [22]. 

4 .2 - Kohn-Sham equations 

The crucial assumption is the existence 
of a (hypothetical) model system of N 
non-interacting fermions, which has the 
sarne charge density as the interacting 
system we are interested in. If this 
assumption is true, we known from the 
Hohenberg-Kohn theorem that a unique 
«effective» one-particle potential must 
exist which generates this charge density. 
The energy functional may then be 
written as 

E[p] = Ts [p) + U[p) + 
+ f drp(r) Yext (p (r)) + Exc [p], 

(39) 

where T s is the kinetic energy of the 
non-interacting system, U denotes the 
static Coulomb energy, and the exchange
-correlation functional Exc representing 
the remaining energies is thus in fact 
defined by Eq. (39). The hope is now that 
the exchange-correlation contribution is 
small enough for its local density approxi
mation not to introduce unacceptable 
errors. The remaining task is then the 
calculation of the effective potential 
needed for the determination of T s . This 
can be achieved by minimizing the func-

tional Eq. (39) with respect to (normalized) 
one-particle wave functions which generate 
the charge density: 

e; ~ µ, 

p(r) = ~ l </>i(r) i 2· (40) 

The corresponding Euler-Lagrange equa
tions read 

~ - (11
2

/ 2m) V
2 + Yerr [ P] (r) ~ </>i (r) = 

= E j </>i (r) , (41) 

where the effective potential reads 

V eff [p] (r) = Yext (r) + 
+ J dr p(r) (42) 

J r - r' 1 + V xc [ ['] ( r) 

8Exc [p] (43) 
8 p (r) 

The second term on the right-hand side 
of Eq. (42) is the «Hartree» Coulomb 
potential of the static charge distribution; 
V xc is the so-called exchange-correlation 
potential, which in the local density 
approximation reads: 

_ Ôexc (p (r)) 
Yxc (r) - Exc (p(r)) + p(r) . (44) 

ô p (r) 

The Kohn-Sham equations (40-44) h~ve to 
be solved self-consistentl~ for the dharge 
density. 

4 .3 - Integration over coupling constant 

While the exchange-correlation energy 
Exc [ p] has been defined only indirectly 
by Eq. (39) and (36), an alternative and 
direct formulation by Harris and Jones [15], 
has been proven very useful for conceptual 
reasons. It is based on a trick of many
-body theory which rests on the assumption 
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of adiabatic connectivity of interacting and 
non-interacting ground states, namely that 
of integration over the Coulomb coupling 
constant. The starting point is a Hamilton
ian which is a function of the Coulomb 
coupling g: 

ffé(g) = ~ i - (11
2 

/ 2m) V 
2 + 

1 

+ Vetr [p] (g, ri) ( + g ~ (e
2 / 1 ri - ri ' I ) 

i =/:i 1 

(45) 

The one-particle effective potential 
V eff [ p ] (g, r) is here assumed to keep the 
ground-state charge density for !Yé (g) 
constant and equal to the exact charge 
density, thus V ett (g = O) = Vext and 
Verr (g = 1) = O. (This assumption is not 
really necessary, however. At the cost of 
some correction terms at a later stage, 
V err (g) may as well be set equal to the 
Kohn-Sham potential Eq. ( 42)) . The 
Hellmann-Feynman theorem, [16], [12], for 
the ground-state energy of a Hamiltonian 
containing a parameter >.. reads: 

dE(>..) = ~ < '1'o(A) 1 ffé (>..) 1 '1'o(A) > = 
d>.. d>.. 

= < Yo(À) 1 -~- ,3Yê(>..) j '1'o(À) > (46) 
d>.. 

Application to the ground-state energy 
of ,3Yé (g) gives : 

dE[ p] (g) _ 

dg 
d 

< ..Yo(g) l i ~ dg v err [p](g; r) + 
2 

+ i;i' 1 ri ~ ri' 1 ( i '1'o(g) > 
(47) 

J d l 
= drp(r) - Verr [p] (g; r) + - E;nt [p] (g). 

dg g 
(48) 
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Eint denotes the interaction energy, or the 
expectation value of the electron-electron 
interaction operator. Integration of both 
sides over the Coulomb interaction coupling 
yields: 

E[P] (g = 1) - E[P] (g = O) = 

f
l dr 

= - Eint [PJ (g) + 
o g 

+ J drp(r) iVerr [p] (g = l ; r) -

- Yerr [p] (g = O; r) ( (49) 

Since Verr (g = 1) vanishes and Verr (g = O) 
is nothing but the Kohn-Sham potential, 
we get the final result for the exchange
-correlation energy: 

f 
l dg 

Exc [p] = - Eind p] (g) - U [ p]. (50) 
o g 

By this relationship between interaction 
energy and exchange-correlation energy it 
is possible to apply the diagrammatic 
methods of many-body theory also to 
density-functional theory [3] , [33]. Gunnar
son and Lundqvist [14] used this construc
tion to express the exchange-correlation 
energy in terms of the exchange-correlation 
hole p xc which surrounds each electron. 

Exc [p] = 

=J dr dr' p (1-) f l dg [ ] ( ' ) 
1 r - r' 1 O g p xc p r, r ; g , 

(51) 

Pxc [ p](r,r';g) = 

< '1'o (g) [ CP (r) - p (r)) (p (r') - P (r)) j '1°'0 (g) > 

- o(r - - r'). 
P (r) 

(52) 

The exchange-correlation energy is thus 
simply the energy of interaction of an 
electron with its own exchange-correlation 
hole integrated over the coupling constant. 
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The integrated interaction is smaller than 
that for g = 1 which reflects the fact that 
E xc also contains a positive kinetic energy 
contribution. It should be clear that a 
precise knowledge of the exchange-cor
relation hole is not necessary, since only 
the spherical average enters (52). The fact 
that the local density approximation also 
performs well for very inhomogeneous 
systems such as atoms can be tracked 
down to the insensitivity of E xc to the 
detailed form of P xc [14]. 

4.4 - General expectation values 

The ground-state energy and density 
are, strictly speaking, the only quantities 
accessible via the above algorithm. As far 
as the charge density structure facto rs are 
concerned there is no question about the 
applicability of density-functional theory. 
ln the case of the momentum density, 
problems arise, however. Fortunately, a 
functional relationship between arbitrary 
ground-state expectation values and the 
charge density exists within the Kohn
-Sham formalism [3]. The application of 
the general theorem to the momentum 
density yields a correlation correction term 
to the Kohn-Sham theory derived earlier 
by Lam and Platzman [26]. The relevant 
expressions are most easily derived via a 
slight modification of the integration over 
the coupling constant method as described 
above. Consider a Hamiltonian like (45) 
which is coupled now by a constant >.. to 
an arbitrary operator ô whose ground-state 
expectation value we want to determine. 

,?'é'(g) = 

~ i - {tí 
2
/ 2m) v2 + Veu [P] (g, >..; ri) ( + 

2 ~ 

+ g iJ; i, e / 1 r i - ri ' 1 + >..o (53) 

Again we may define a density functional 
for the ground-state energy which now 
becomes a function of the parameter >..: 

E[p] (>.., g = 1) = E[p] (>.. , g = O) + 

+ J 1 
dr E int [ p] (1\, g) + 

o g 

+ J drp(r) iVerr [p] (>.., g = l; r) -

- Verr (p] (>.., g = O; r) (, (54) 

where the condition that the charge den
sity should be constant for all values of >.. 
introduces the >..-dependence of Verr . When 
differentiating with respect to >.., however, 
all terms containing the effective potential 
cancel. At >.. = O we finally get the result 

O[p] = 
:= < '1ro (>.. = O, g = 1) 1 Ô 1 

i '1ro (>.. = O, g = 1) > = 
= < '1ro (>.. = O, g = O) i Ô i 

J '1ro (1\ = O, g = O) > + 
d + d>.. E ex [p] (>..) h =o (55) 

We thus observe that the ground-state 

expectation value of the operator Ó is made 
up of the expectation value with respect 
to the ground state of the non-interacting 
Kohn-Sham system and a correlation cor
rection term t.O equal to the derivative of 
the exchange-correlation energy. t.O is 
well defined and can in principie be 
calculated by diagrammatic perturbation 
theory ([3], [33]). Eq. (55) has been used 
by Bass [2] to derive an interesting general 
expression for the kinetic-energy-density 
functional. ln the local density approxi
mation 

LiO[p] = J dr p (r) i o ( p (r)) - 0 0 ( p (r)) (, 

(56) 
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where o and 0 0 are the expectation values 

(per electron) of Ô for the homogeneous 

electron gas. Choosing o = at aP we get 
the correction term for the momentum 
density 

/). p (p) [p ] ::::_ 

J dr p (r) 1 fh (p; p (r)) - f0 (p; p (r)) ~' (57) 

which is readily calculated from the 
occupation numbers of the homogeneous 
electron gas, as in Fig. 3, and the charge 
density. 

4.5 - Beyond the local density 

approximation 

Finally, we would like to mention 
briefly attempts to go beyond the local 
density approximation. Without being 
exhaustive, there are: self-interaction cor
rections in different implementations ([45], 
[46], [47]), the weighted or average dcnsity 
approximation [14) and an effective gra
dient expansion [48]. There have been a few 
attempts to calculate charge densities in 
metais with a Langreth-Mehl corrected 
potential [30], although without finding a 
significant improvement with respect to 
experiment. None of the approaches im
proves upon the observed non-local effects 
in the correction term 60 of the transition 
metal momentum densities ([4], [5]). Most 
promising for the treatment of intrinsic 
anisotropic correlation effects by density
-functional theory are in our opinion field-
-theoretical methods as forwarded by 
Sham [33] and Sham and Schlüter [35) for 
the semiconductor band-gap problem. 
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ILLUSTRATION OF REDUCED DENSITY MATRICES 
AND RELATED QUANTITIES 

D. FEIL and J. UITERWIJK 
Chemical Physics Laboratory 

University of Twente 
POB 217, 7500 AE Ensch ede 

The Netherlands 

ABSTRACT - Second-order density matrices, conditional electron density distri
butions and Coulomb boles for He, H2 , and LiH are presented graphically. 

INTRODUCTION 

To illustrate the abstract quantities 
discussed at this worksnop, the authors 
undertook to collect data on wavefunctions 
of small systems and to represent graphi
cally the results on density matrices and 
related quantities. The systems selected 
are the He atom and the H2 , and LiH 
molecules. From the density matrices were 
derived the conditional density and the 
Coulomb hole. 

DEFINITIONS 

Since we are not interested in spin 
properties, ali expressions contain inte
gra tion over the spin variables i u; ( and 
the resulting quantities are functions of the 
space variables ir; ( only. 

The diagonal terms of the second-order 
reduced density matrix are given by 

n(n ·- 1) 
P 2 (r1 r2) = -----

2 

f 'f" cx1 .. xn) 'Í' cx1 . . xn) du1 du2 dx3 .. dxn 

(1) 
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p 2 (r1, r2) dv1 dv2 represents the probability 
to find an electron in dv1 at r1 and at the 
sarne time another electron in dv2 at r2 • 

The normalization is such that integration 
gives the number of electron pairs. 

The conditional density is defined as 

cond P2 (r1 , r) 
P (r; r ,) = (2) 

P (r1) 

cond ( ) d . . l h p r; r 1 v 1s proport1ona to t e 
probability to find an electron in dv at r 
when an other electron is at r 1 • Integration 
gives the number of electrons. The Cou
lomb hole is the difference between the 
conditional density and the normal density 
distribution. 

Since the purpose of the contribution 
is to obtain qualitative understanding, aB 
figures are in arbitrary units . 

CALCULATIONS 

Computer programmes were written to 
calculate the diagonal terms of the second
-order density matrices, the conditional 
density distribution and the Coulomb hole 



398 D. F EIL et ai. - Illustration of reduced density matrices and related quantities 

of the systems mentioned above. The elec
tronic wave function of He was obtained 
from Roothaan and Weiss [1]. Kolos and 
Roothaan [2], provided the accurate wave 
function for the H2 molecule. Davidson [3], 
snowed the advantages of using natural 
orbitais to represent correlated wave func
tions. His natural orbital analysis of 
LiH [4], served as basis for the work on 
this molecule. 

DISCUSSION OF RESULTS 

Fig. 1 shows a number of cross-sections 
through the 6-dimensional space of 
pz (r1, rz) of the He atom. Both variables 
are in the plane through the nucleus, with 
the variables of the probe electron indica
ted. The overall reduction of the function 
with increasing distance of the probe elec
tron to the origin is of course due to the 
decreasing probability of finding the probe 
electron at increasing distances from the 
nucleus in fig. 2. We notice that the probe 
electron at the nucleus keeps the other 
electron away from the origin. When the 
probe electron moves away from the 
nucleus, the conditional density becomes 
less diffuse. This effect is better visible 
in fig. 3 where the Coulomb hole is shown. 
Note that in general the Coulomb hole is 
far from symmetrical about the probe elec
tron. As long as the probe electron is not 
too far away from the origin, the reduction 
in density due to Coulomb repulsion is 
seen to occur where the density distribution 
has its maximus. This tendency is reserved 
when the probe electron moves into the 
diffuse region. 

The next system to be discussed is the 
H2 molecule. We now have two types of 
correlation: left-right and in-out. Since the 
1atter is similar to the one in the He atom 

it will no further be discussed. Fig. 4 shows 
the cross-section through the space of 
p 2 (r i , r z) in which both coordinates are 
on the molecular axis . The results for four 
different wave functions are shown. We 
use as reference the accurate wave func
tion of Kolos and Roothaan. The other 
wave functions are Heitler and London's 
Valence Bond function , the Hartree-Fock 
determinantal wave function and the natu
ral orbital representation of Kolos and 
Roothatn's results. Since the electrons in 
the H2 molecule have opposite spins, no 
exchange correlation occurs, leading to a 
fully uncorrelated HF-wave function . The 
natural orbital approach is seen to yield 
excellent results, while the results of the 
HL wave function are good, with a slight 
over accentuation of the correlation. 

The conditional density has a nice 
surprise. With the probe electron on one 
of the nuclei, one expects this nucleus to 
be fully screened and the conditional den
sity to be a hydrogenic density about the 
other nucleus. Fig. 5, however, shows a 

Fig. 5 - The conditional density distribution in H 2 

with the probe electron at the nucleus on the right. 
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• 

probe at. ar; g i n ---' probe at. 0.4 a.u. probe at. o.a a.u.J 

Fig. 1 - The diagonal terms of the second-order density matrix of He for different 
values of one of the variables. Contours in ali figures are at arbitrary, but 

constant intervals . 

• • 
probe at. orlgln~--~ probe •t 0.4 a.u. probe at 0.8 o.u. -

Fig. 2 - The conditional density distribution in He with the probe electron at the 
indicated positions. 
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'·- ·- ·- ·/ 
probe at origin. ~-----~ probe at 0 .4 a.u . ~-----~ 

o 
,.,. - --;,,.~~;.~~--- · 

,./ / ///./f/1;; 1 "' \ '- . 

/
. / 

1111 1\~:~/I 111 ' ' " 
1 111 ,,~_,1,111 1 .\ 

• 1 \ ~--.:: .......... 11 I 1 
/ 1 \' __ ,. / I 1 · 
. \ '-+' / I \ I ' , ___ ,. / . 

j ... ____ ,.... 1. 

. 1 1 . . I \ . 
. / 

..- -- ·- · -; ·::;;;~§.__~ ·- ·- ·--
. / I f f I' \ \ \ \ .......... 

I 1 l \ / li \ 
1 \ \ \_....- I I f 
\ \ , __ ,..... / I 
\ ....... _._ ...... ,,,/ .... ____ ..... 

probe at 0 . 6 a . u · -------~ probe at 0 . 8 a.u . ------~ 

. ....- -- ·- ......... . 
/ ' / \ 

---·-. ~ .-·---- .~-
...---=.::::..-- , 

'/ , ... C' -, " 
1 \ -/ / 1 
1 \ / I 

\ '--- I 

(,w) 
' ·-. __ .,.,.. ./ 

' .... -~_ ...... "" 

• 
probe at 1.0 a.u. ------~ probo at 2 . 0 a . u . ------~ 

Fig. 3 - The Coulomb hole belonging to the probe electron in He. 
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Fig. 4 - The diagonal terms of the second-order density matrix ·Of H 2 , calculated 
from different wave functions. The cross-sections shown correspond with both 

variables on the molecular axis. 
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Fig. 6 - The Coulomb hole in H2 with the probe electron at different positions on 
the molecular axis. The distance B equals R/2. 
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Fig. 7 - Some natural orbitais of the LiH molecule. 
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Fig. 8 - The conditional density distribution in LiH. 
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Fig. 9 - The Coulomb hole in LiH with the probe electron, indicated by • at 
different positions on the molecular axis. 
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linear combination of hydrogenic density 
distributions. This result can easily be 
explained with the Valence Bond wave 
function: 

<f (x1 • x2) = [sa (r1) sb (r2) + 
+ sa (r2) sb (r1)] * spin 

(3) 

Assuming the probe electron to be on 
nucleus a, the origin, we get 

cond 
P (r; O) = N [sa (O) sb (r) + 

+ Sa (r) sb (O) ]
2 

(4) 

= C [e - ! r- Rb J + e-! r ! * e - R] 2 (5) 

with R = i Ra - Rb ! , the distance between 
the two nuclei. 

We recognise the linear combination of 
the hydrogen density distributions. From 
the conditional density distribution we 
derive the Coulomb hole, shown in fig . 6. 
The hole only partly follows the probe 
electron. 

For the calculation of the various 
quantities of LiH, natural orbitals were 
essential. A number of them are shown 
in fig . 7. It is known that virtual orbitais, 
obtained from a Hartree-Fock calculation 
are inefficient to account for correlation. 
Correlation is important in the regions of 
high electron density, whereas the virtual 

orbitals are diffuse in character. Natural 
orbitais are seen to be far more compact. 

Fig. 8 shows the conditional density 
with the probe electron at different posi
tions. The corresponding Coulomb hole, 
fig. 9 shows an interesting behaviour. 
When it is situated in a high density 
region, i. e. close to a nucleus, the Coulomb 
hole has the expected shape. From the 
previous examples we learned that it 
remains more or less centred on the nucleus 
even when the probe electron moves away. 
Since there is no low density region on 
the molecular axis, the Coulomb hole has 
to move suddenly from one nucleus to the 
other when the probe electron is shifted a 
small distance. It might be interesting to 
investigate if the point at which the transi
tion takes place corresponds with the 
boundary between the two atoms, defined 
as the point at which the flux of the elec
tron density is zero . 
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A review of procedures for the estima
tion of electron momentum density for 
atoms, molecules and solids from the sole 
knowledge of the corresponding position 
density is presented. 

These transformations can be achieved 
either with semiclassical phase space con
siderations or by employing more rigorous 
formulation of exchange hole. The former 
have been established by Gadre and 
Pathak [l] in a series of articles. These 
transformations are based on two recipro
cai atomic relations p (r) = p3 (r) / 3 7T2 and 
y (p) = rª (p) / 3 7T2 and lead to some remar
ka bl e results, e. g. < p > -value being pro
portional to magnitude of the Slater-Dirac 
exchange energy. A large number of these 
predictions were completely missed by the 
earlier workers and were first pointed out 
by Gadre and Pathak. 

A general relation 

< rn>= 3Cn+3) /3 . 7T2n/3 J: .ycn+3l /3 dp/ (n + 3) 

where y (p) is the spherically symmetric 
electron momentum density, was developed 
by Gadre et ai. [2]. An extension to mole
cules was pointed out by Pathak et ai. [3] 
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and tested for linear molecules. Here, it 
turns out that y (p) = V / 4 7Ta, V being the 
volume enclosed by a contour surface of 
electron density with value p3 / (3 7T2). This 
prediction is also quite successful as judged 
by the numerical tests. 

A more rigorous strategy, viz. the con
servation of exchange charge density has 
been employed recently by Gadre and 
co-workers [4]. Here, one estimates [5] 
the first-order reduced density matrix 
r (r, r') from p (r) as: 

r (r, r') = [ p (r) p (r') ]1t2 G (r, r') . 

G (r , r') is related to Cx (r, r') via 
G = (- 2C) 112 and ex 

incorporates an averaged charge densi ty fi 
such that 

f p (r') e] (r, r') dr = - 1. 

where the explicit form of ex is given by: 

ex (r, r') = - 9 [h (y) / y]2/ 2; y = 
= (3 7T2 p )113, 

It is possible to obtain p directly from p 

by the normalization condition above [4] . 
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Since the Fourier transformation of r (r, r') 
yields the density matrix r (p, p'), one is 
able to estimate momentum space pro
perties of atoms and molecules from the 
knowledge of the corresponding p (r) alone. 
The formulation was applied to closed 
shell atomic densities and Jed to momen
tum space properties in close agreement 
with the respective near Hartree-Fock 
results . The kinetic energy anisotropy for 
the H2 molecule is also estimated quite 
well via this procedure. 

Gadre and co-wor'kers have also deve
loped novel correlations between informa
tion entropies in position and momentum 
spaces [l]. The information entropy sum 
S [ p] + S [ y] has a meaning of quantum
-mechanical uncertainty [6] and a detailed 
account of the work done by the authors 
in this area is presented. 
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ln first Born approximation the double 
differential cross section for the interaction 
of photons with electrons in a solid can 
be written in the form [l]: 

dn dw (~) S (q ,w) 
dn º · 

The intrinsic cross section (dCT/ dn) o 
describes only the strength of the coupling 
between each primary entity. The so-called 
dynamical structure factor S(q,w) depends 
on the momentum nq and the energy 
liw transferred to the sample in the scat
tering process and contains all relevant 
information on the structure and the 
dynamics of the system under investi
gation: S(q,w) is the Fourier transform of 
the space time correlation function G(r,t) 
which describes the correlation between 
the particle density at any place r' at any 
time t = O and the particle density at 
r' + r at time t. 

The dynamical structure factor can be 
expressed in the form [l] 

S(q,w) = ~t ~ i < f 1 ~ eiq.rj 1 i > t 2 X 
1 J 

where the energy 8-function contains all 
the relevant frequency information. The 
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sum of the matrix elements < f 1 ~ eiq. rj 1 i> 
has to be performed over all initial, 1 i>, 
and final [ f > , states, of the system inves
tigated in the scattering experiments; rj is 
the position of ea.ch scatterer in the system 

iq.r 
and the factor e j represents the phase 
of the corresponding scattering amplitude. 
If the momentum transfer in the scattering 
exper;ment is small then the phase factors 
for many scatterers must be summed up 
before squaring the expression, i. e. the 
scattering is treated in the so-called col
lective regime where interference between 
scattering amplitudes takes place. 

If j f > is a continuum state the process 
is called Compton scattering which is 
interpreted within the impulse approxi
mation [l] . The energy of recoiling electron 
has to be much higher than its binding 
energy, so that the interaction time is 
extremely short and the potential can be 
considered constant over this time; the 
final state of the electron is described by 
a plane wave. ln this limit the dynamical 
structure factor reduces to: 

S(q,w) = 

= Jn(p) 8 (tiw - j 1í.q j 2 
2m 

liq. p 

m 
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which is the projection of the ground state 
electron momentum density n(p) onto the 
scattering vector q; p represents the elec
tron momentum and m the electron mass . 
Therefore in a Compton scattering experi
ment one measures a Compton profile 

i. e. the momentum density is integrated 
over a plane perpendicular to the scattering 
vector. Because of the finite resolution in 
actual Compton scattering experiments the 
integration is not over a plane but over a 
sheet perpendicular to q with thicknesses 
of the order of 5 to 30 % of the diameter 
of the central Brillouin zone of a typical 
solid. If the chemical bonding is discussed 
in direct space the momentum density 
n(p) has to be Fourier transformed and 
one obtains the so-called reciprocai form 
factor: 

B(r) = J n(p) e - ip.r dp , 

which is the sum of the auto-correlation 
functions of the one-electron wave func
tions oft j(r): 

occ. f B(r) = f \!tj (r' + r) o/tj(r') dr' 

A one dimensional Fourier transform 
of the Compton profile Jq(PJ yields : 

where z is parallel to Pz [2, 3]. Assuming 
that the effect of resolution can be des
cribed by a convolution of the intrinsic 
Compton profile with a Gaussian distri
bution function, the finite resolution leads 
to an exponential damping of B(z) for 
increasing correlation lengths z. Therefore 
the bad resolution in y-ray Compton scat
tering experiments can partly be compen-

sated by high counting rates which made 
the y-ray technique successful. 

If ! f > is a discrete excited electronic 
state the scattering is called X-ray Raman 
scattering. Like in an absorption experi
ment a core electron is brought in a state 
slightly above the Fermi energy but here 
the energy of the incident photons is much 
higher than the energy transfer li w, so 
that the spectra are measured at momen
tum transfer 111q 1 > O. Within plausible 
approximations there exists a simple 
relation between the cross section for 
absorption and Raman scattering experi
ments [4]: 

( d20'/ (dn dw) raman -

( ) 
absorption 

(1 / li w) d20'(w) / (dn dw) 

Compared to soft X-ray absorption 
experiments, however, the Raman spectra 
definitely arise from the bulk of the sample 
which can be mounted in furnaces , cryos
tats or high pressure devices ; surface 
states and impurities are of minor impor
tance. ln addition one expects new infor
mation on many-body effects in the elec
tronic system from the q-dependence of 
the Raman spectra. Important progress has 
been made in the development of this 
technique in connection with modem 
synchrotron radiation sources [5] . 

If ! f > = ! i>, then the scattering is 
elastic and is called Rayleigh scattering. 
ln a single crystal this elastic scattering 
from a periodic array of scatterers gives 
rise to Bragg peaks around reciprocai 
lattice vectors; the dynamical structure 
factor reduces to: 

S(q,o) = 1 J oft~ (r)eiq . r ift (r) dr ! 2 ; q = 2,,.H 

S(H , o) ~I J p(p ) e i2 ::Hr dr \ 2 = I FH12 

v cell 
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if!0 (r) represents the ground state electronic 
wave function and p (r) = if!~ (r). ~0(r) the 

charge density; the integral is over a 
crystal unit cell, V cell. The structure fac
tor FH is one component of the Fourier 
series in which the periodic charge den
sity p(r) can be developed. Once the 
diffraction mechanism is understood for a 
given sample J F H ! can be determined 
from the Bragg scattered intensity. For a 
detailed discussion of diffraction physics 
in connection with charge density studies 
we refer to [6] . 

The cross section for X-ray scattering 
is small which has the advantage that many 
scattering experiments can be discussed in 
the frame of the first order Bom approxi
mation. On the other hand X-ray scattering 
experiments may suffer from intensity 
problems and therefore, in the past, special 
limiting cases of S(q,w) have been studied 
extensively. Only recently, because of the 
availability of suitable sources of synchro
tron radiation in X-ray regime, successful 
measurements of S(q,w) over a wider range 
of q and w have been performed [7] ; they 
should become of increasing importance 
in the future. 

ln a way the report on the «oxalic acid 
project» of the IUCr Commission on 
Charge, Spin and Momentum Densities [8] 
summarizes the state of the art in experi
mental charge density studies on molecules 
in 1984. The authors conclude: «Though 
severa! chemically significant features are 
reproduced in all the experimental density 
maps, differences in detail occur which 
caution against overinterpretation of the 
maps. Large differences between vibra
tional tensor elements uij are observed 
which can often not be corrected by the 
scaling of all temperature parameters in a 
set. Positional parameters are reproducible 
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to precisions of 0.001 A or better. The 
biggest discrepancies between theoretical 
and experimental deformation density maps 
occur in the lone-pair regions where peaks 
are higher in the theoretical maps. 
However, this comparison may be affected 
by inadequacies in the thermal-motion 
formalism which must be involved before 
experimental and theoretical maps can be 
compared in a quantitative way.» We 
cannot add to this; instead, two examples 
of simple solids will be discussed, namely 
copper and silicon. 

Today, most calculations of the elec
tronic structure of solids are performed 
within the Hohenberg-Kohn-Sham density 
functional theory (for a short review see 
ref. [9]). The many-body problem is trans
formed into a large set of one-particle 
eigenvalue equations, which are called the 
Kohn-Sham equations: 

1- (1i2/ (2m)) V2 + V Hartree [ p) (r) + 
+ V external (r) + Vxc [p] (r) {<f.>i(r) = 

= ei <f.>i(r) 

The eigenvalues ei are used to calculate 
the energy. The eigenfunctions c?i(r) have 
no physical meaning in themselves, 
however, they determine the correct charge 
density: 

occ. 
p (r) = ~ 1 <f.>i(r) ! 2 • 

1 

The exchange-correlation potential V xc(r) 

is approximated in the so-called local 
density approximation, which is based on 
the homogeneous interacting electron gas, 
i. e. it should be applied to _systems with 
slowly varying charge density only. Fol
lowing Pinder et ai. [10] there are two 
distinct sources for discrepancies between 
theory and experiment in the practical 
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implementation of density functional 
theory. The first because the exact 
exchange-correlation energy functional is 
not known for a real system. The second 
comes from the computational aspect of 
the problem, namely the numerical solu
tion of the self-consistent Kohn-Sham 
equations for the electrons in a crystal, for 
which a number of approximations must 
be made. Since the X-ray structure factors 
are directly related to the electron charge 

;: ~ ~ ::: :::! 
N MN 

(fcrystal -f free-atom ) 1 1 11 

01 

o 
~ 

tion of such physical quantities as cohesive 
energies, compressibilities, lattice cons
tants, etc., which are obtained from total 
energy differences where substantial can
cellation of errors can occur. No such 
cancellation of errors takes place in the 
calculation of the structure factors. 

ln the case of copper the structure 
factor F H is directly proportional to the 
atomic scattering factor or form factor f 
and Fig. 1 shows the difference between 
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Fig. 1 - Deviation of experimental and theoretical form factors of copper from free-atom values. 

density, which in principie is exactly 
calculable from density functional theory, 
these results can be used as stringent test 
of present day calculations of the elctronic 
structure of crystals. ln fact X-ray struc
ture factors provide a more severe test of 
the local density approximation than its 
very successful application to the calcula-

the free atom forro factors [11) on one 
hand, and experimental [12] and theoret
ical data [13-15] for copper single crystals 
on the other hand. The theoretical data 
from references [13) and [14) are higher 
than the experimental data by about 0.8 % 
but, nevertheless, the agreement is quite 
good. The energy eigenvalues of these 
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state of the art band structure calculations, 
interpreted as one-electron excitation ener
gies, do not well reproduce the band struc
ture of copper as determined by angular 
resolved photoemission spectroscopy [16] . 
The d-bands are too high and too disperse. 
A more recent band structure calcula
tion [15], again within the local density 
approximation to the density functional 
theory, but with a different construction 
of the periodic crystal potential, reproduces 
the photoemission data extremely well. 
However, the calculated form factors differ 
by about 2.2 % from the experimental data 
and the calculated difference density map 
is qualitatively different from the experi
mental one [16, 17]. This example demon
strates that for a comparison between 
experiment and theory one should not only 

Al A2 A3 

consider physical quantities related to the 
eigenvalues º i but also those directly 
related to the eigenfunctions c/>i(r). 

The experimental data shown in Fig. 1 
could be brought into agreement with the 
results from either of the three theoretical 
calculations by an appropriate rescaling of 
the measured structure factors. ln other 
words, an accurate knowledge of the 
absolute scale of the measurements is 
crucial for a comparison between experi
ment and theory. ln order to eliminate 
possible problems with the intrinsic cross 
section for the diffraction of y-radiation 
with energies of the order of 400 keV, 
Pendellosung oscillations have been studied 
in large silicon single crystals. The inte
grated reflecting power measured in 
symmetrical Laue geometry exhibits oscil-

A4 AS 

R sections for partia! fits 
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Fig. 2- Integrated reflecting power measured with 0.0392 A 1-radiation at the 
220 reflection of a highly perfect float-zone grown Si single crystal. The experimental 
data are plotted as a function of the parameter A which is the ratio of sample 
thickness and extinction length, as well as the tilt angle IJf. The solid line represents 
the final fit of dynamical diffraction theory to 64 data points up to IJf = 34.21" [18]. 
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lations around a constant average value 
as a function of sample thickness which 
are, for short wavelength y-radiation, deter
mined by the corresponding structure fac
tor. Fig. 2 shows these oscillations 
measured at reflection 220 in a 1 cm thick 
Si crystal; the effective sample thickness 
has been increased by tilting the sample 
around the scattering vector [18]. As a 
result one obtains: 

F' 22o = 69.16 + 0.03 for .:\. = 0.0392 A 

F' 22o = 69.21 + 0.06 for .:\. = 0.0265 A 

which is in perfect agreement with the 
X-ray Pendellosung data by Aldred & 

Hart [19]: 

F' 220 = 69.21 + 0.06 for X-rays 

Because the cross section for X-ray 
diffraction is not questioned we conclude 
that the cross section for y-ray diffrac
tometry is sufficiently well known. 

Sets of structure factors of silicon have 
been determined using the different Pen
dellosung methods. Aldred & Hart analysed 
Pendellosung oscillations in the intensity 
diffracted from large wedge shaped crys
tals [19] . Teworte & Bonse deduced struc
ture factors from the Pendellosung oscil
lations in the shape of the diffraction 
pattern [20] . Saka & Kato tilted plate Iike 
samples .around the scattering vector and 
obtained oscillations similar to those 
shown in Fig. 2 [21]. The different data 
sets have been analysed by Cummings & 
Hart [22] and they conclude tha l the 
agreement between 5 independent data 
sets is of the order of 0.1 %. Therefore the 
most accurate experimental structure fac
tors known at present are those of silicon. 
These data represent a real challenge for 
theory. Cummings & Hart compare the 

experimental data with the results of a 
pseudopotential calculation by Yin & 
Cohen [23] and find very good agreement. 
Because the requirements for the perfec
tion of the sample increase for weak 
reflections, it will be difficult to measure 
forbidden reflections via Pendellosung 
methods with the accuracy obtained for 
ordinary reflections . Models based on 
Aldred & Hart data give values fo r the 
form factor f22o between 162 and 204 
milielectrons per atom [24]. By contrast, 
the direct y-ray measurement gives 
f22o =---= 191 + 1 me per atom [25] , which is 
in excellent agreement with the value 
from the pseudopotential calculation of 
f220 = 190 me. 

Recently Deutsch & Hart [26] extended 
the analysis of Pendellosung oscillations 
in the diffraction pattern of perfect crys
tals using a monolitic double crystal diffrac
tometer of novel design in an energy 
dispersive mode. They measured 8 high 
order structure factors (0.64 :s; sinO/ .:\. :s; 
1.56 A - 1) and discuss the Debye-Waller 
factor deduced from low and high crder 
data via the Dawson formalism . 

B10w = 0.4632 -+- 0.0041 A2 sinO/ .:\. :s; 1.04 A-1 

Bhigh = 0.5085 ± 0.0035 A2 sinO/ .:\. :s; 1.30 A-1 

This result indicates that the bonding 
charges in silicon show smaller thermal
-vibrational amplitudes than the core elec
trons. On the other hand a neutron dif
fraction study [27] yielded B = 0.450 + 

+ O.Oll A2 which is in good agreement 
with the B-value from the low order 
X-ray data. This contradiction will cer
tainly stimulate further work and the 
accuracy of the available core electron 
X-ray form factors as well as the validity 
of the Born-Oppenheimer approximation 
may be discussed in this context. 
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ln silicon directional Compton profiles 
have been measured with 412 keV y-radi
ation and the 3-dimensional electron 
momentum distribution n(p), as well as 
the autocorrelation function of the direct 
space ground state wavefunction, B(r), 
have been reconstructed by Hansen et ai. 
[28, 29]. For earlier attempts to obtain 
momentum densities from Compton scat
tering data on silicon and diamond see 
ref. [30-33]. For an appropriate reconstruc
tion of the momentum density one has to 
optimize the strategy for Compton profile 
measurements with respect to the direction 
of q and the statistical accuracy aimed for. 
The papers by Mijnarends [34] and Han
sen [35] can be consulted. As far as the 
reconstruction of B(r) from directional 
Compton profiles from ionic crystals is 
concerned, Weyrich's group in Konstanz 
gained a lot of experience [36]. At the 
synchrotron radiation facilities in Paris 
(Loupias et ai.) and in Japan (Itoh et ai.) 
Compton profiles of silicon are measured 
with about 4 times better resolution, i. e. 
approximately 0.1 atomic units, and the 
momentum density will be reconstructed. 
With increasing resolution the number of 
directional Compton profiles to be 
measued, in order to allow for the recons
truction of a 3-dimensional momentum 
distribution with the appropriate resolu
tion, increases. ln any case high resolution 
momentum densities will be available in 
the near future and because highly 
accurate structure factor data exist 
already, silicon is the most att :·active 
candidate for the construction of :.l onc
-particle density matrix from experimen~,: 1 

data. ln addition Schülke & Mourikis [37] 
have performed coherent inelastic X-ray 
scattering experiments in perfect silicon 
single crystals from which they gain 
detailed information about the non-diago-
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nal elements of the density matrix, which 
are not accessible in a classical Compton 
scattering experiment. For silicon a large 
number of good theoretical calculations 
of the electronic structure exist; they can 
be used to compare experiment and theory 
on the basis of one-particle density matri
ces. These calculations also provide de
tailed information about the energies which 
have to be considered before a statement 
on the relative merits of a theoretical 
calculation can be made. 

As an example for a study of a solid 
in which structure factor and Compton 
profiles as well as the electronic band 
structure have be~n considered, we come 
back to copper [38-41]. Within the density 
functional theory only the charge density 
and the total energy can be calculated 
from the solutions of Kohn-Sham equa
tions. For the calculation of other ground
-state properties, O, as a functional of the 
charge density p, the following formula 
applies [ 42]: 

O[p] = 0 0 [p] + tiO[p] 

where 0 0 [ p] is the ground-state expec
tation value with respect to a N-particle 
Slater determinant constructed from the 
self-consistent solutions of the Kohn-Sham 
equations and t.O[ p] is a correction func
tional which can be expressed as a deriva
tive of the exchange-correlation energy 
functional Exc[ p ]; which is not known 
exactly. ln contrast to the case of the 
charge density, exchange-correlation enters 
the calculation of the momentum dt'nsity 
via two channels: the solutions of the 
Kohn-Sham equations, c/>i(r), depend on 
V xc[ p] and thus on Exc[ p] , the correction 
term ti O [ p] ais o depends on Exc [ p]. Within 
the local density approximation (LDA) 
Lam & Platzmann [43] have calculated 
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explicitly the correlation correction term 
for the momentum density : 

~nLDA [p) = 

J p(r) · ~ n~ [p] (r) - nHpJ (r) ~dr 

where n~ [ p] (r) - n~ [ p] (r) is the differ
ence between the occupation numbers of 
the interacting and noninteracting homo
geneous electron gas of density p . The 
correction term takes into account the 
effect that in the homogeneous electron 
gas the Coulomb correlation excites elec
trons from occupied plane wave f: tates 
with wave vectors inside the Fermi surface 
into the unoccupied states outside the 
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Fig. 3 - Copper < 110 > Compton profiles. 

5 

a) difference between the Kohn-Sham local 
density-functional band structure theory [13] 
augmented by Hartree-Fock free-atom core 
Compton profiles and experimental 1-ray data 
(open circles). 

b) correlation correction term -~nLDA [('] (con
tinuous curve). 

e) difference between the Kohn-Sham local den
sity-functional theory [13] and a MAPW Cho
dorow-potential band structure calculation [ 44]. 

Fermi surface. ~nLDA [ p] is isotropic in 
momentum space. 

Fig. 3 shows a comparison of the Cu 
Compton profile measured with q // [110] 
with the result of band structure calcula
tions within the LDA of the density func
tional theory where the correlation cor
rection term ~nLDA [ p ], also presented in 
Fig. 3, was not applied [13]. Fig. 4 
demonstrates that the remaining difference 
between experiment and theory can be 
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Fig. 4 - Copper < 110 > Compton profile. Upper 
part : difference between the local density-functio
nal theory [13] including the correlation term 
~nLDA [ p] and the experimental 1-ray data. 
Lower part: XY plane of the Brillouin zone and 
the Fermi surface of copper in the repeated zone 

scheme. 
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related to the Fermi surface topology in 
the extended zone scheme after incorpora
tion of ~nLDA [ p ], for details see ref. [41]. 
Whenever the plane of integration per
pendicular to [110] covers mainly occupied 
regions theory is larger than experiment; 
in-between the integration is essentially 
through unoccupied space and theory is 
smaller. This oscillatory function is beyond 
local density theory and in this sense one 
may consider it due to a non local correla
tion effect. This discrepancy almost quan
titatively relates to the difference between 
experimental and theoretical Compton pro
file anisotropy shown in Fig. 5. ln order 

0.04 ... Cu J<11o>(q )-J<1oo>(q) 

0.02 

O.O 

-0.02 

- 0.04 

I 
1 
1 

,, o o 

P. 1 o a º 
c1 1r-~-:-
, lo 

00 

'/:' ~.b 
oº 
o 

2.0 q [o .u J so 
Fig. 5 - Experimental (open circles [38]) versus 
theoretical Compton profile anisotropies of copper. 
The continuous curve is the result of the Kohn
-Sham local density-functional theory [13] and the 
dashed line is obtained by the MAPW Chodorow-

-potential band structure calculation [ 44]. 

to decide if these remaining discrepancies 
are due to problems in the exchange-cor
relation potential or due to deficiencies in 
the occupation numbers, the anisotropy 
has been calculated for different approxi
mations of V xc . 
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Fig. 6 shows the anisotropies obtained 
in band structure calculations using the 
standard potential, the Hedin-Lundqvist 
potential, and the self-consistent Slater 
exchange potential. If concentration is on 
the feature at = 1.25 a. u the use of the 
full Slater exchange potential yields the 

0.04 

0.02 : l 
O.O 

: 

- 0.02 

- 0.04 

00 2.0 q [o .u] S.O 

Fig. 6 - Experimental (open circles [38]) versus 
theoretical Compton profile anisotropies of copper 
obtained by the APW method and different local 
potentials [39]. Continuous line: standard potential, 
dashed line: Hedin-Lundqvist potential, dotted 
line: self-consistent Slater exchange potential. 

best agreement between experiment and 
theory. However, the band structure and 
the X-ray scattering factors have also been 
analysed and, in agreement with common 
experience, they exclude the use of the 
full Slater exchange potential. Fig. 7 shows 
the band structure along [100] from the 
origin to the boundary of the Brillouin 
zone. For the present purpose it may be 
characterised by the location of the 
d-bands, Ea , and their width, W a . The 
use of the full Slater exchange potential 
increases Ea by approximately 30 % and 
decreases W a by about 20 %, i. e. the 
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d-bands are lowered in energy and reduced 
with respect to their dispersion by large 
ammounts. This is in contrast with all 
spectroscopic results. But also the calcula-

Cu Chodorow 
O.O - --------------

0.1 @ 

0.3 Gs· 

O.L. >- x, a: 

~- 0.5 

:::1. 
0.6 

0.7 

I L1 X 

Fig. 7 - Definition of the d-band location, Ed, 

and the d-band width, W d, for the Chodorow [45] 
band structure of copper. 

ted X-ray from factors show large discrep
ancies with experiment as demonstrated 
in Fig. 8. In conclusion the remaining 
discrepancies between experimental and 
theoretical Compton data on copper must 
be due to problems in the correlation cor
rection term. This argument is supported 
by an analysis of the reciprocai form 
factor B(z) for a correlation length z equal 
to the first lattice translation R110 • Similar 
results have been deduced from an exten
sive study by Rollason et al. on nickel [ 4 7). 
ln the context of this work the effects of 

self-scattering in the y-ray source on the 
measured Compton profiles, which turn 
out to be important especially for high 
energy y-rays, have been analyzed in 
detail [48] . 

ln spite of their low resolution y-ray 
Compton scattering experiments will con
tinue to yield valuable information on the 
electronic properties of solids, especially 
for heavier materiais. On the other hand 
we are convinced that the application of 
hard X-ray radiation from modem syn
chrotron radiation facilities will lead to 
important progress in the field and the 
community fully appreciates the pioneering 
work by G. Loupias and her co-workers 
in Paris [49] . Experiments performed in 

L1F !Gl 
Cu 

0.5 

·-· ....... " ....... -... 
O.O ~ _ _.___ _ _.__ _ _._,.~ D<o-0'__...1.5_1_G_l_[_o.-u .J 

2 ' / §-~-r? 
/ -?/~ 

cri/ 
i - 0.5 

Fig. 8 - Difference between copper solid s tate and 
Ha~tree-Fock free-atom [11] form factors. Open 
circles : 'Y -ray experiment [12] , open squares: den
sity-functional LCGO calculation [13], filled 
squares: APW calculation with self-consistent 
Slater exchange (Snow (1968) , as quoted in [1 2]) . 

the laboratory at home will always be 
attractive and the Konstanz group has 
built a powerful focussing X-ray Compton 
spectrometer [50-52). So far, talking about 
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high resolution Compton scattering experi
ments we consider a reduction of the 
thickness of the plane of integration in 
momentum space, but a lot of information 
on n(p) will always be hidden in the 
individual Compton profile because of this 
integration in itself. There is already a 
tremendous gain in direct information if 
the integration is only over a line as in 
2-dimensional positron annihilation experi
ments (53] . The best one can think of is 
the measurements of the scattered photon 
and the recoil electron in coincidence 
because then the momentum density n(p) 
is measured directly. ln (e,2e) scattering 
experiments people get there with the 
additional advantage that they can descri
minate between the contributions from the 
various energy states [l] ; however, it 
seems to be difficult to apply the technique 
to solids because of the strong interaction 
of electrons with matter. On the other 
hand Gao et al. [54] reported recently on 
(e,2e) measurements of the spectral mo
mentum density of graphite performed on 
samples 100 A thick; this is exciting! 
Taking advantage of the high intensity of 
hard X-ray beams produced by modem 
synchrotron radiation facilities one can 
consider coincidence experiments analog 
to (e,2e) , but now with an incident photon 
beam, which may be called (y,ey) scat
tering. At present one cannot dream of the 
energy resolution of the (e,2e) experiment 
but applications to solids should be P.asier. 
F. Bell performed a feasibility study [55] 
and first experiments performed with 
320 keV y-radiation from a 200 Ci Cr-51 
radioactive source are under way at the 
Hahn-Meitner-Institut in Berlin. Even with 
the appropriate insertion <levices at modem 
storage rings (1·,ey) scattering has to be 
considered as a border line experiment, 
but it is tempting for various reasons. 
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EXPERIMENTAL METHODS TO OBTAIN NONDIAGONAL 
TERMS OF THE DENSITY MATRIX 

W. ScttütKE 
Institute of Physics, Univers ity of Dortmund, D-4600 Dortmund 50, F ed . R ep. of Germany 

ABSTRACT- Conventional X-ray diffraction y ields information about diagonal 
elements of the one-particle density matrix in position space. Conventional Compton 
scattering provides experimental values of diagonal elements of the density matrix in 
momentum space. It is shown that one can get full knowledge about nondiagonal 
elements of the density matrix, if one measures the energy distribution ·of inelastically 
scattered X-rays under experimental conditions, where the initial photon state is 
represented by a standing wavefield, provided the distance of its nodal planes is 
commensurable with the distance of atomic planes of the crystal. An appropriate 
standing wavefield can be obtained by setting the sample crystal into the Bragg 
position, where each Bragg reflection corresponding to a reciprocai lattice vector 
provides information about one nondiagonal term f (p, p + g) of the density matrix 
in momentum space. Preliminary experimental results confirm the feasibility of such 
an experiment. 

1 - INTRODUCTION 

There exist two complementary con
ventional experimental methods which 
provide information about the spin free 
one-particle density matrix: X-ray dif
fraction yields knowledge about the diago
nal elements in position space [l], provided 
the phase prablem can be solved; Compton 
scattering, within the limits of the impulse 
approximation, measures the diagonal ele
ments in momentum space [2], provided 
reconstruction methods can be fully ex
ploited. For sure, the knowledge of diago
nal elements of the densi.ty matrix in one 
space includes information about nondia
gonal terms in the complementary space. 
But this information is rather limited, 
since it consists in the respective spatial 
average over nondiagonal terms [3], as 
shown in section 2. 
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ln order to get more specific informa
tion about nondiagonal terms, one has to 
look for experiments, where the spatial 
average over nondiagonal terms is replaced 
by a more informative method of sampling, 
for instance a Fourier transform. 

It will be shown in section 3 that 
using a Bloch type photon state to act as 
the initial state of an inelastic X-ray 
scattering experiment, one gets information 
about the spatial Fourier transform of 
nondiagonal elements of the one-particle 
density matrix in position space. 

ln section 4 the experimental realization 
of the above suggestion is demonstrated, 
together with preliminary experimental 
results . 

ln section 5 a method is described to 
obtain the desired experimental informa
tion about nondiagonal terms also by using 
less perfect crystals. 
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2-THE DENSITY MATRIX IN CON
VENTIONAL EXPERIMENTS 

ln a conventional X-ray diffraction 
experiment, the Bragg diffracted intensity 
l(g) corresponding to a reciprocai lattice 
vector g is proportional to the squared 
modulus of the form factor F(g): 

l(g) - \ F(g) \ 2 (1) 

where 

F(g) = J p (r) e ig.r dr (2) 

Provided the phase 17(g) of F(g ) = 
= \ F(g) 1e 111 ( g ) can be determined, one 
obtains information about the electron 
density p (r), the diagonal terms of the one 
particle density matrix r (r, r') in position 
space, by means of Fourier synthesis [1]: 

p (r) = r (r, r) = ~ F(g) e - ig.r . 
g 

One can easily show [2] via 

F(g) = r (r, r) e dr = f 
ig.r 

J J J r (p, p') e ir. (p - p' ) dp dp' e ig.r dr 

= J J r (p, p') B(p - p' + g) dp dp' = 

(3) 

J r(p , p + g) dp (4) 

that the form factor contains also a limited 
information about nondiagonal terms of 
the one particle density matrix in mo
mentum space, r (p, p + g), namely about 
the momentum space average of the 
terms. 

ln a conventional Compton scattering 
experiment [3], the energy distribution, 
l(w, q), of the inelastically scattered inten
sity, corresponding to a momentum trans-

fer q is proportional to the so called 
Compton profile : 

f 
li2 q 2 ti p . q 

l(w, q) - p(p) 8(tiw - -- - -- ) dp , 
2m m 

(5) 

the one dimensional projection of the 
momentum space density on the direction 
of momentum transfer. With : 

Pz :::: P · q (6) 

one can write the Compton profile as 
follows: 

fi2 q2 li p . q 

f p(p) 8(h w - -- - ) dp = 
2m m 

JJ p (p) dpx dpy :::= J(Pz) (7) 

where 

Pz = 
mw ft q 
-- - --

q 2 
(8) 

Then the one-dimensional Fourier trans
form B(r) of Compton profiles, the so 
called reciprocai form factor, turns out to 
be the three dimensional Fourier transform 
of the momentum space density [4]: 

B(r) :::: J J(pz) eipzr dpz = 

J p (p) e ip.r dp ; r / / q ' 

so that one can obtain 

p(p) =: r(p , p), 

(9) 

the diagonal terms of the one particle den
sity matrix r (p, p ') in momentum space, 
by Fourier synthesis of reciprocai form 
factors measured for a large number of 
directions of q [5]. 
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One can easily show, that in analogy 
to equation (4), 

B(r) = J r (r', r' + r) dr'. (10) 

This means, that the reciproca! form 
factor contains also a limited information 
about nondiagonal terms of the one par
ticle density matrix in position space, 
r (r, r') , namely about the position space 
average of the nondiagonal terms. 

Therefore, one can conclude that con
ventional experimental methods do not 
provide information about the full one 
particle density matrix either in position 
or in momentum space. 

Experimental methods are needed 
which enable measurements of the full 
one-particle matrix in one space. The full 
matrix in the complementary space can 
then be obtained by means of Dirac-Fourier 
transform [6]. 

3 - PROPOSED EXPERlMENT TO 
OBTAlN NONDIAGONAL TERMS 
OF THE ONE-PARTICLE DENSlTY 
MATRlX lN MOMENTUM SPACE 

ln the case of conventional Compton 
scattering experiments, the initial photon 
state can be represented as a propagating 
plane wave. Therefore, each point in 
position space is equally excited. This is 
the physical reason for the fact that con
ventional Compton scattering only provides 
information about position space averages 
of the nondiagonal terms of the density 
matrix, as shown in equation (10) . 

ln arder to go beyond position space 
averages one has to sample the position 
space, when measuring Compton profiles, 
for instance by weighing certain positions 
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within the elementary cell. A realistic way 
to do this is to use an initial photon state, 
which is represented by a standing wave 
with a spatial periodicity of nodal planes, 
commensurable with the lattice periodicity. 
The spatial intensity distribution of such 
a photon field 

l(r) = A2+ B2+ 2AB cos (g. r+ ~'!' ) (11) 

where g is a reciprocai lattice vector, would 
guarantee the commensurability w ith the 
lattice, the phase ~'I' would defin e the 
relative position of nodal planes with 
respect to the atomic planes of the lattice. 

It will be shown in section 4 that a 
photon field of this kind is excited in 
a crystal, if the Bragg condition for a 
reciprocai lattice point g is satisfied, 
where ~'I' can be varied by changing the 
direction of the incident beam. 

It has been shown [7, 8, 9] in terms of 
quantum electrodynamics that one really 
will obtain the desired information about 
nondiagonal terms of the density matrix. 
Here we will use a mofe intuitive deriva
tion, which comes to the sarne result as 
in [7, 8, 9]: 

First we write the Compton profile of 
equation (9) in terms of the position 
space density matrix: 

J(pz) = Jf r (p, p) dpx dpy 

= JJJJ r (r, r') eip.(r- r' ) dr dr' dpx dpy (12) 

If we are measuring a Compton profile 
by using the photon field of equation (11) 
as initial photon state, the r integration in 
equation (12) has to be performed by 
taking into account a r-dependent w eight, 
given by the intensity distribution of the 
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initial photon field as shown in equa
tion (11): 

J(pz' g, .6. lf' ) := [l / (A2 -1- B2)] 

ffff r (r, r') e ip. ( r - r' ) 

(A2 + B2 + 2AB cos (g · r + 6.1f) . 

. dr dr' dpx dpy 
(13) 

Writing equation (13) we have assumed 
that the plane wave components with 
amplitudes A and B, which build up the 
standing wave field, both transfer mo
menta q to the lattice, that are equivalent 
with respect to the symmetry of the 
crystalline scattering sample. 

Assuming furthermore that one can 
realize two experimental situations 1 and 2 
with At = A2; B1 = B2; .l::i.lf'1 = o, 6.1"2 = 71", 

then the difference of the two Compton 
profiles reads as follows : 

M := J(pz , g, o) -- J(pz. g, 7r) 

= [2AB/ (A2 + B2)] 

ffff r (r, r') eip.(1·- r' ) (eig . .r + e - ig.r) 

dr dr' dpx dpy = [2AB/ (A2 + B2)] 

Re IJ r (p + g, p) dpx dpy . (14) 

The desired information about nondia
gonal terms of the density matrix is com
prised in the so called nondiagonal Compton 
profile : 

J(pz ; g) = f r (p + g, p) dpx dpy (15) 

of equation (14). 
ln order to demonstrate the surplus of 

information about qensity matrices, one 

can calculate the lD-Fourier transform, 
B(t, g) of L\J : 

B(t, g) =: J t:,. Jeipz t dpz = [4AB/ (A2 + B2)] 

J r (r, r + t) cos (g . r) dr; t / / q. 

(16) 

By comparing equation (16) with equa
tion (10) , the increase in information 
becomes evident. 

Conventional Compton scattering yields 
only position space averages of nondiago
nal terms of the one-particle density 
matrix in position space, whereas Compton 
scattering of photons from standing wave 
fields, the so called coherent Compton 
scattering [10), provides spatial Fourier 
transforms of nondiagonal terms, making 
feasible the measurement of complete 
nondiagonal terms of the one-particle den
sity matrix by Fourier synthesis . 

Under the conditions of coherent 
Compton scattering (the initial photon 
state is a standing wave field) the 
measured Compton profile J(pz, g 6.1") 

for a given relative phase t:,. lf' is composed 
of diagonal and nondiagonal Compton 
profiles, where their contributions depend 
on A, B and e:,. lf' · From equation (13) one 
obtains: 

J (Pv g, t:,. lf' ) = [l / (A2+ B2] ~ (A2+ B2) J (p, ) + 
+ 2AB cos t:,. lf' Re J(pz, g) -
- 2AB sin 6. r.p Im J(pz, g) f· 

(17) 

4 - REALIZATION OF THE PROPOSED 
EXPERIMENT 

The proposed experiment has been 
realized for the first time in 1981 inde
pendently by Golovchenkov et al. [10) 
and Schülke et ai. [8, 9). Both groups have 
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utilized the standing wave field which is 
built up by the coherent superposition of 
the incident and the Bragg diffracted wave 
in the Bragg case of diffraction according 
to the two beam approximation of the 
dynamical theory of X-ray diffraction [11]. 
Both the amplitude ratio A/ B and the 
phase t:.<p are functions of the angle of 
incidence assuming a plane wave incident 
beam, where t:.<p changes from O to r., when 
going from one side of the total Bragg 
reflection range to the other. As a con
sequence of this phase shift the position 
of the antinodes of the standing wave field 
is moving from the atomic planes into their 
interstices as shown in Fig. l. 

. . . . . . -·-·-·-·-·-·-~ --------. . . . . . ...-·-·-·-·-·-------- --. . . . . . -.---·-·-·-·-. . . . . . ...--·-·-·-·----------. . . . . . .... ----·-·-·-·-
-1 o 1 a. 

Fig. 1 

a) Relative position of the antinades (solid lines) 
and nades (broken lines) of a standing wave 
field with respect to atomic planes (dots) for 
the two extreme values of the relative 
phase t;,q> . 

b) Sketch of the corresponding rocking curve. 
Position 1 corresponds to t;, qi = o; position 2 
corresponds to .t:. '!' = 11' : « in units of half 
of the Darwin width. 

The angle of incidence has been con
trolled by means of a nondispersive double 
crystal setting with a highly asymmetri
cally cut first crystal and the second 
crystal acting as the scattering sample 
(see Fig. 2). The so called rocking-curve 
of this special double crystal setting, this 
means the Bragg diffracted intensity I(a ) 
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of the second crystal (measured by means 
of detector 1) as a function of its angular 
position a relative to the first crystal, is 
very similar to the intrinsic reflection 
curve, as deduced for the plane incident 
wave case [12] . Therefore, the amplitude 
ratio A/ B and the phase t:. <p can be deduced 
from this rocking curve as decribed in 
more detail in ref . [9] (see Fig. 1). The 
beam of photons inelastically scattered 
from the standing wave field within the 
second (sample) crystal is energy analyzed 
by means of a solid state detector (D2 in 
Fig. 2). ln ref. [9] the direction of the 
scattered beam is chosen in such a manner 
that the scattering angles for the incident 
and the Bragg diffracted beam are identical 
and that furthermore the corresponding 
vectors q of momentum transfer are crystal 
symmetry equivalent. 

i(• 

Fig. 2 - Schmatic of an experimental set-up for 
coherent Compton scattering: Crystal I is highly 
asymmetrically cut, crystal II is the sample crystal. 
K

0 
is the incident beam, Kh is the Bragg diffrac

K' is the inelastically scattered beam. Detector 1 
measures the diffracted intensity, Detector 2 is 
a Ge solid state detector (energy analyzing system) . 

Fig. 3, shows two experimental Compton 
profiles of Si for two different positions 
on the (220)-rocking curve (MoKa-radia
tion) corresponding nearly to t:.<p = o and 
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6. rp = 7r respectively. The momentum space 
resolution of this preliminary experiment 
was rather poor, roughly 1.5 a. u., because 

5 .... 

4 .... 

o~-~,--~,--~,--~,--~ 

1 

O.O 
1 1 

1.0 

Pz(a.u.) 

1 

2.0 

Fig. 3 - Experimental Compton profiles of Si for 
two extreme positions on the (220)-rocking curve, 
corresponding nearly to ;:,, 'f = o (curve 1) and 
J 'f = 1t (curve 2), respectively. MoKa-radiation. 

of the low energy recolution of the Ge 
solid state deterctor for MoKa-radiation. 
Nevertheless a decomposition of diagonal 
(J(Pz) ) and nondiagonal Compton profiles 
(J(pz, g)) could be performed according 
to equation (17). The result is shown 

for the valence electrons in Fig. 4 for 
g = (27r/ a) (1, 1, 1). A crucial test for the 

1 
N 

Cl.. 

111 

1.5 ~ 1
1 

1 

1 

1 

1.0 ~ 

Si 

9= 2
: (1,1,1) - 1.5 

1- J(pz) 
1 - 1.0 i 

tc:n 
N 

Cl.. 

- 0.5 --. 

-0. 5 ~-~·-~'--'----'-' _ __, - 0.5 
o 1.0 2.0 

- p
2

(a.u .) 

Fig. 4 - Experimental valence electron part of the 
diagonal Compton profile J(p) and the nondiago
nal Compton profile J(pz , g) for g=(2 / a) (1,1,1). 

reliability of the decomposition procedure 
results from the sum rule [2]: 

f ~~Pz , g) dp" = f r (p, p + g) dp = F(g) 

(18) 

wher.e F(g) is the X-ray form factor (see 
equation ( 4)). 

5 - PROCEDURE FOR LESS PERFECT 
CRYSTALS 

It was assumed in section 4 that the 
amplitudes A and B as well as the relative 
phase b. rp of the two plane wave com-
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ponents of the wave field could be read 
directly from the rocking curve position. 
This is possible only with nearly perfect 
crystals. For less perfect crystals, where 
the mosaic spread is comparable or even 
somewhat larger than the g-dependent 
Darwin-width, another procedure seems 
feasible. Utilizing the unique properties of 
synchrotron radiation it should always be 
possiible to produce a well collimated 
X-ray beam by means of Bragg diffraction 
on a nearly perfect monochomator crystal 
with an interplanar spacing d M very near 
to d 5 , the interplanar spacing correspond
ing to the desired g of the less perfect 
sample crystal. Combining the monocho
mator crystal with the sample crystal in 
a weak dispersive set-up the effective 
collimation of the beam hitting the sample 
crystal could be made comparable with its 
Darwin width and mosaic sprear, respec
tively. Therefore, one can be sure that the 
effective phase t::,.cp is different on the 
opposite sides of the rocking curve. 

Based on this assumption, one has to 
measure the intensity distribution I(pz) at 
least for three different positions on the 
rocking curve, where one measurement 
(number 1 in equations (19)) should be 
far outside the Bragg condition and 
number 2 and 3 on opposite sides of the 
rocking curve. Following equation (17) one 
can write down the following system of 
linear equations, three at a time for each 
sampling point Pz : 

11 (pJ = a J(pz) 

12 (Pz) = b J(pz) + c Re J(pz , g) + 
+ d Im J (Pz , g) 

13 (Pz) = e J(pz) + f Re J(pz , g) + 
+ h Im J (pz , g). 

(19) 

Equations (19) can be considered as a 
system of linear equations for determ ining 
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the unknown coefficients a to h, if one 
inserts the well known values both of 
J(pz) and J(pz, g) of the free atomic 
cores for Pz > Pzc , where for Pz > Pz~ 
practiically only the atomic cores contri
bute to I(Pz) . 

If the coefficients a to h have been 
determined, one can calculate the three 
quantities J(pz), Re J(Pv g and Im J(Pv g) 

for each sampling point Pz from the res
pective three equations (19) · 

6 - CONCLUSIONS 

It has been demonstrated that it is 
feasible to get direct experimental informa
t '.on about nondiagonal elements of the 
one-particle density matrix, not only for 
nearly perfect crystals but also for less 
perfect ones. This direct experimental 
information can be used as a crucial test 
of the reliability of methods put fo!·ward 
at this workshop, which claim to recons
truct the complete density matrix from 
conventional experimental data of diagonal 
elements both in position and momentum 
space. 

. This work has been funded by 
the German Federal Minister of Re
~efrch and Technology under Contract 
Nçi. 05 334 AX B2. 
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( R eceiv ed - Sevtember, 1988 ) 

ABSTRACT- The zeroth-order approximation to the molecular density operator 
is defined as the superposition of the density operators of the noninteracting atoms. 
The positions and orientations of the ground states of the free atoms «in the molecule» 
a re uniquely determined by minimizing the norm of the corresponding one-electron 
difference density. 

1 - INTRODUCTION 

The basis of scientific chemistry since 
Dalton (l] is the concept that matter 
consists of atoms. In quantum mechanics 
parts of matter, for instance atoms or 
molecules, are described by density ope
rators (2] 

A O() 

D = .! . i ifi > Dij < i/li 1 · (1) 
1, J 

ifi are ortlionormalized many-electron
-nuclear wavefunctions (3]. A wavefunction 
is only suitable to describe pure states, 
which do not interact with any surrounding, 
e. g . the background radiation, nor even 
matrix D with eigenvalues Dk . The mon
the elements of the many-particle density 
matrix D with eigenvalues Dk. The non
idempotent matrix D must fulfill the three 
conditions : 

tr(D) 1, 

(2) 
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The electronic ground states of most 
atoms are degenerate or quasi-degenerate 
(e. g. C(p2) ªP or O(p4) ªP, which are spanned 
by three equivalent nonspherical states 
p X ' p y ' p z). Therefore, free atoms under 
realistic conditions, e. g. in a physical 
vacuum with 3K-radiation, are to be 
described by a density operator from a few 
ground state functions ifi, i = 1, ... , N. 
Free atoms are characterized by having no 
specified nuclear position nor specified 
electronic Dij-parameters. The Dij describe 
the population, orientation and shape of 
the degenerate open valence shells of the 
atomic ground state. 

The zeroth-order approximation of a 
molecule is the superposition of free 
atoms, between which the interactions 
have been switched off artificially, but 
where the nuclear and electronic distri
butions have been specified. In X-ray 
crystallography it is customary to specify 
the «positional parameters» (mean posi
tion r, vibrational amplitude tensor p) so 
that the nuclei (or atomic cores) coincide 
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optimally with the molecule, while the 
«orientational parameters» D;J are left 
un-specified [5]. Since atoms are extended 
objects, which have core and valence 
shells, it seems more consistent to specify 
both the «core positional parameters» and 
the «valence shell orief!tational para
meters» of the atomic ground states in 
the promolecule. 

2 - APPROXIMATE DENSITY MATRIX 
FROM THE MOLECULAR 
ELECTRON DENSITY 

Integrating the n-particle density ope

rator :Ô over ali but one coordinat~. one 
obtains the one-density operator p [5]: 

(x1 ; Y1) = J :Ô(x1 , X2 ,. ·, Xn; Y1 , Y2 ,. ·, Yr. ) X 

X 1l (x2 - y2) dx2 dyz .. . 1l (x11 - y
11

) dx
11 

dyn 

(3) 

which can be represented in terms of orbi
tais "'; as 

00 

~ 1 'Pi > dij < 'Pj ! . 
i, j 

(4) p 

The one-matrix elements dij depend line
arly on the Dij yielding restrictions similar 
to those of eq. (2) [6]. We note that 
neither Dij nor dij are idempotent. 

If the molecular density p M(x) = p M(x; x) 
is known, we can determine a zeroth-order 
one-density operator of the molecule 

atorns 
p f{1 (x; y) = ~ p A (x; y) (5) 

A 

by minimizing the norm of the difference 
density /:::,, p : 

Diff = li /:::,, p (x; r, {3 , d) li = 

= li PM ((x) - (JJ'1 (x; x) li = Minr, [J. d 

(6) 

in a least squares sense with respcct to 
both the positions r (and the vibrational 
both the positions r of the 'P i (and thc 
vibrational parameters f3ij) and the orienta
the pA on the rhs. of eq. (5). The corre
sponding algorithm is described in Ref. [6]. 
(We note that the Pauli P,rinciple may 
impose additional restriction~ on the d;j if 
'P i , 'Pk with sarne spin from different atoms 
overlap. These latter restrictions are easily 
accounted for if one uses orthogonalized 
atomic spin-orbitais instead of the ori
ginal l" i .) This r ecipe to determine an 
approximate one-density matrix d has two 
advantages, concerning energies and den
sities. 

According to the viria! theorem, the 
kinetic energy T of a bound state is higher 
than that of the separated atoms. While 
some other approximate methods may 
produce density ,operators which yield 
drastically reduced T [7], the present 
method (eqs. 5, 6) yields at least un
changed T (or slightly increased T in the 
case of overlapping occupied shells) . 
Furthermore, Spackman and Maslen have 
shown [8] that the classical electrostatic 
interaction energies of the atoms are of the 
sarne order of magnitude as the bond 
energies. 

3-DIFFERENT DIFFERENCE DENSI
TIES FOR DIFFERENT PURPOSES 

If one is interested in th e field around 
a molecule, or above the surface of a 
crystal, an appropriate procedure is to 
determine the «conventional difference 
density», which is defined with respect to 
the density of the spherically averaged 
free atoms superimposed at the optimized 
positions [5]. Spherically averaged neutral 
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atoms do not contribute to the electric 
field at the outside of the system, so that 
the «conventional difference density» is 
the minimal charge distribution, which 
fully determines the field in the sur
rounding, and is uniquely defined the.reby. 

If on.e is interested in chemical bonding 
effects inside the molecule, another kind 
of difference density is more appropriate. 
For this purpose, we have defined the 
«chemical deformation density» [6] accord
ing to eqs. (5, 6) with respect to free 
atoms, which are positioned and oriented 
optímally in the molecule. The chemical 
deformation density is the minimal dif
ference distribution between the molecule 
and its constituent free atoms, and is 
uniquely defined thereby. 

Both the positional parameters and the 
orientational parameters describe quanti
tatively, how the free atoms have to be 
constrained in order to be optimally pre
pared for bond formation. The resulting 
chemical deformation density indicates the 
formation of covalencies and the «exis
tence» of lone pair dipoles. These features 
are no longer covered by the much larger 
quadrupolar distributions of the free 
degenerate atoms [9], as is often the 
case in the conventional difference den
sities [l O]. 
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STATE-DEPENDENT CORRELATION EFFECTS ON THE 
COMPTON PROFILES OF THE TRANSITION METALS 
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So far electron correlation effects on 
the Compton profiles have been estimated 
by a local density approximation proposed 
by Bauer and Schneider [l] . Their defini
tion of the correlation effects is as follows: 

M(q) = f . ~J(q,p(r)) dr 
umt cell 

where ~J(q, p (r)) is a correlation effect 
due to the electron gas system whose den
sity is p. ln this approximation the density 
of ali core electrons is included in 
the p used. 

ln SAGAMORE IX we [2] propose 
another approach to estimate the electron 
correlation effect by empirical fit to the 
difference between theory and experiment. 
The definition is as follows : 

~J(q) = - f Et (1 - n(E)) X J(q, E) dE + 
r1 

+ f :r n(E) X J(q, E) dE 

where n(E) is an occupation number, i. e. 
Migdal function, and J(q, E) is a partia! 
Compton profile due to the states whose 
energies are at E. ln this approximation 
the contribution from the core electrons is 
totally negrected. ln the case of vanadium 
and chromium, whose Fermi energies are 
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located at the middle of the d-bands, this 
approximation has given very good 
results [2]. 

On the other hand, however, when we 
use the similar Migdal functions also in 
the case of copper and nickel whose Fermi 
leveis are located closed to the top of the 
d-bands, we can not obtain such good 
results as in the case of vanadium and 
chromium. The reason is understood by 
the following explanation. ln the free elec
tron system, i. e. s-p band, the momentum 
of the higher energy state is larger than 
that of the lower energy state. It is also 
the case with d-band electrons. Therefore, 
in the case of vanadium and chromium, 
the correlation effect due to the Migdal 
functions moves some amount of momen
tum density from the lower momentum 
region to the higher one, and we can make 
a good agreement between theory and 
experiment. ln the case of copper and 
nickel the similar Migdal function shifts 
some amount of occupation in the d-bands 
to the higher s-p bands. It moves momen
tum density from the higher region to the 
lower. ln figure 1, the experimental cor
relation profile for copper whose experi
ment has been measured by Rollason 
et ai. [3] is shown by a dotted line, 
together with a theoretical one (a solid 
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Fig. 1 - Theoretical and experimental correlation profiles along < 110 > direction 

. for copper. The experimental curve (dotted line) is the difference between the 
experimental Compton profile by Rollason et ai. [3] and the theoretical one obtained 
by the one-electron band theoretical calculation. The theoretical curve (solid line) 
is only correlation correction part of the Compton profiles which are e!timated 
using the Migdal function shown in figure 2 and real band theoretical energy 
dependent partia! Compton profiles Jk (q, E) for < 110 > scattering direction. 
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Fig. 2 - Density-of-states curve N(E) (on the top) and Migdal function n(E) (on 
the bottom) for copper. 
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line) obtained by using a Migdal function 
def ined by similar parameters to those 
used for vanadium and chromium. The 
Migdal function and density-of-states his
togram for copper are shown in figure 2. 
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ln figure 3, the experimental and theore
tical correlation correction profiles for 
ferromagnetic iron are shown for the 
three major orientations. The experiment 
was carried out by Rollason et al. [4]. The 

< 11 1 > 

< 11 O> 

<100> 

o 1 2 3 4 ? 

Fig. 3 -Theoretical and experimental correlation profiles along < 100 >, < llO > 
and < 111 > directions for ferromagnetic iron. The experimental curves (dotted lines) 
are the difference between the experimental Compton profiles by Rollason et ai. [4] 
and the theoretical ones obtained by the one-electron band theoretical calculation. 
The theoretical curves (solid lines) are only correlation correction part of the 
Compton profiles which are estimated using the Migdal functions shown in figure 4 
and real band theoretical energy dependent partia! Compton profi!es J k (q, E) 
for < 100 >, < 110 > and < 111 > scattering directions for both spin-bands. 
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theoretical curves are determined by using 
two Migdal functions for the minority 
spin-bands shown in figure 4(a) and the 
ma]ority spin-bands figure 4(b) . The 
agreement between theory and experiment 
is not so good again. 

ln order to obtain better agreement 
state dependent Migdal functions are intro
duced. For the minority bands a similar 
Migdal function to those for vanadium and 
chromium is used, because the Fermi level 
of the minority bands is located at the 
middle of the d-bands. The Migdal function 

50 

40 

30 

20 

10 

o 

is shown in figure 5(a) and shows that the 
correlation effect among the minority spin 
d-electron is fairly strong and the Migdal 
discontinuity is reduced very much. On 
the other hand, the Migdal function for 
the majority band shown in figure 5(b) is 
state-dependent. As the majority d-bands 
are almost full, the correlation effect 
among the majority d-electrons may not 
be as strong as that of the minority d-elec
trons. Although there may be any other 
better choice of Migdal functions, when 
these Migdal functions are used the 

70 80 90 100 

1 
70 80 90 100 

Fig. 4a - Density-of-states curve N(E) (on the top) and Migdal function n(E) (on 
the bottom) for minority spin-bands. 
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Fig. 4b- Density of states curve N(E) and Migdal function n(E) (on the bottom) 
for majority spin bands. 
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Fig. 5- Migdal function n(E) for minority spin-bands (on the top) and that for 
majority spin-bands (on the bottom). Using these two Migdal functions the best fit 
theoretical correlation correction profiles are obtained for ferromagnetic iron. 
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agreement between theoretical correlation 
correction profiles and the experimental 
ones is fairly improved as shown in 
figure 6. On ferromagnetic iron we have 
obtained a fairly good result, but there 
should be many arguments about its 
physical explanation. 

ln arder to obtain more conclusive 
results, we need more experiments on 
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copper other than < 110 > direction. 
When we can use more reliable magnetic 
Compton profiles on iron and nickel, we 
can estimate the correlation effects spin
-dependently and obtain more reliable 
estimations on the correlation effects. 

ln this paper we used state-dependent 
Migdal functions. For the majority spin
-band, especially, it is band-dependent, i. e. 

< 111 > 

<110> 
··········· .... 

<100> 

o l 2 3 4 5 

Fig. 6 - Theoretical and experimental correlation profiles along < 100 >, < 110 > 
and < 111 > directions for ferromagnetic iron. The experimental curves (dotted lines) 
are the sarne as those shown in figure 3. The theoretical curves (solid tines) are 
the theoretical correlation correction part of the Compton profiles which are 
determined to fit to the experimental ones best . using the Migdal functions shown 
in figure 5. 
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the correlation effect for the energy region 

where d-bands are predominant is assumed 

to be small. As it is not so much rigorous, 

when some character-dependent Migdal 

functions are used the result may be 

improveçl very much. But it is a problem 
in the near future. 
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